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PREFACE. 



THIS translation has been undertaken tor tne convenience of the students and for the advancement of 
the courses of the Department of Architecture of the University of Pennsylvania. 

The ordinary methods of Descriptive Geometry as commonly applied in Casting Shadows are 
not well adapted to the hurried conditions of Architectural practice. The result is that shadows are ordi- 
narily guessed at merely because of insuflficieut time to work them out by a laborious method. Under 
such circumstances only those who have studied the subject with great care and much practice can avoid 
gross and misleading errors. 

The value of Shadows on Elevations is only beginning to be understood among American draftsmen. 
Sliadows show the projection of the diflFerent parts, profiles of moldings, pitch of roofs, reveal of windows 
and doors, and many other details which could not otherwise be understood without a perspective drawing. 

M. Pillet has succeeded admirably, in simplifying the practice of casting shadows : 

Ist. — By avoiding the use of more than the one plane of projection in which the shadows are to appear. 

2d. — By formulating simple and easily remembered rules for the Shades and Shadows of the more 
common forms. 

It has been the aim of the Translator to keep closely to the original ; the only deviation from the aim 
has been for the purpose of further elucidating points which might give trouble to readers not familiar with 
Descriptive Geometry. In many places explanations have been added in foot-notes, and every effort has 
been made to place the subject within the grasp of any intelligent Draftsman. 

As a few Trigonometrical formulœ have been found necessary a short explanation of the principles of 
Trigonometry has been inserted in a foot-note under § 4. 

The original work was intended for the use of Mechanical and Civil Engineers, as well as Architects, 
and included several problems which I have considered unnecessary, since shadows are seldom employed by 
Engineers in this country. 

M. Fillet's method for pediments has been replaced by another which appears to me to be somewhat 
simpler. 

The drawings I have carefully redrawn at large scale, and have added several. 

The kind assistance of Dr. I. J. Schwatt, of the Department of Mathematics, in reading the manuscript, 
is gratefully acknowledged. 

JULIAN MILLARD. 
Philadelphia, October, 1896. 
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CHAPTER I. 



GENERAL PRINCIPLES. 
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§ 1. Definitions. — The theory of Shades and Shadows has for its object, knowing the positions of 
one or more sources of light, to determine on the surfaces of bodies the portions of those surfaces which are 
in light and the portions which are not in light. The latter are said to be in shade or in shadow. 
A ray of light is propagated in a straight line. 

When a body is subjected to rays which emanate from a given source of light the rays of light are 
classed, with reference to the body, in three groups. 

First. Rays incident^ which are arrested by the surface of the object and illuminate it more or less 
according to their angle of incidence with the surface. 

Second. Rays lateraly which pass beside the object and go on to illu- 
minate others. 

Third. Rays tangentialy which fill the transition between the two preceding. 
These last are the most impoitant for our consideration. 
If the surface is rounded these rays are tangent to it and form a cone of 
shade in the case of a light at a finite distance, and a cylinder of shade in the 
case of a light at an infinite distance. 

The line of contact of the cone^rith the object, mng (Fig. 1), is called the sei)aratrix of shade and light. 
Tlie part unlighted is called the shade of the surface. 

If the surface is limited by a linear contour, as a disc or a polyhedron, the rays are no longer tangents 
according to the rigorous acceptance of the word. They pass through the limiting line of the contour or 
through certain edges of the polyliedron, to be determined. 

The problems of Shades and Shadows, of Perspective and of Projections are almost identical. If we 
imagine at the source of light a *' Point of Sight," the rays of light become visual rays. 

The tangent rays which determine the separatrix become the visual rays of the contour ; prolong these 
to a surface (plane or otherwise), and stop them there. In the first case they give the shadow of tlie fii-st 

surface on the second taken as a screen ; in the second case thc)'^ give the 
image of the firat on the second taken as a picture plane ; the third case is 
like the others excepting that the source of light is taken at an infinite 
distance. (See Fig. 2.) 

The problem of shadows in the case of sunlight is identical with that 
of oblique projections, since the source of light is at an infinite distance 
and tlie plane receiving the light is not at right angles to the rays of light. 
Tlie shadow of an object on a plane is nothing more than the oblique pro- 
jection of the object on tliaJt plane. 




Fig. 2. 



§ 2. The Three General Methods of Finding Shadows. 

First. Slicing method. (Fig. 3.) — Assume two surfaces S and S' in 
light. Cut both surfaces by planes which are parallel to rays of light, the sun being the source of light. 
We thus obtain two auxiliary curves ; one in each surface. 
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Fig. 3. 



Fig. 4. 



Draw raya tangent to each of these curves at a and b on the first curve, and at m and n on tha second ; 
these are points of the separatrix. 

The first tangents, through a and b, if prolonged, intersect the 
second curve in a, and bj and are pointe of the shadow of the first 
surface on the second. 

Repeat the operation hy making as many slices as are neces- 
sary and join points of the same kind by continuous curves ; we 
then obtain in KabL and in mppn the two séparatrices and in 
K,aj>pbiL, the shadow cast by S on S'. 

The pointa p and p, where the shadow is 
lost in the shade, are called " points of loss." 
They do not always exist. (See Fig. 4.) In 
the case of Figure 4 the shadow is called 
" eloaed," and in Figure 3 it is called " open." 

This method is in general one of difficult 
application. It is very convenient, however, 
in finding particular points of the line of 
shadow. 

Second. Method of drcwmaeribir^ surfaces. — Assume a surface (a sphere for example) of which the 
separatrix is to be determined. (Fig. 5.) Circumscribe about it a more simple surface, a cone for example, 
the separatrix of which is supposed to be known (a straight line In the case of a cone). The point m, 
whore this straight line intersects the curve of contact ab of the cone and the surface, is a point of the 
separatrix of the latter (evident). 

We may take a cylinder tangent to the sphere along the curve cd, which gives in n another point of 
the separatrix. Joining hmn and g by a continuous curve we have the required separatrix. 

Note. — Except for certain particular cases, the separatrix Sm of the auxiUary circumscribing surface 
is not tangent to the line hmng of the given surface. In other words, when two surfaces are tangent 

their lines of shade are not always tangent The lines of 
shade are tangent only when the contact of the two surfaces 
ia what is called osculatory, (The contact of two lines is 
osculatory when, at the point of contact, the radius of cur- 
Viiture of the two lines is the same.) 

The contact will he osculatoiy if the profile is drawn 
free-hand (Fig. 7), as is generally done in architecture. 

Thibd. Method of auxiliary ihadows or mdhad of 
oblique proàediom. — Assume two surfaces, S and S' (Fig. 8), 
upon which it is desired to perform all the operations in 
shades and shadows indicated below, 
(a) Shade ' on the swrface S. 
1st. On the aurfoce S draw a series of curves, No. 1, No. 2, No. 3, conveniently chosen. 
In choosing these sections two things are epsential : 

(a) The lines of section should be of simple form, so as to be easily cast on the Auxiliary Plane ; 
(b) they should all be of the same form. 

2d. Take arbitrarily an auxiUary surface Z, ordinarily a plane, upon which are found in No. 1', No. 2', 
No. 3', the shadows of the above curves. 




Fig. 5. 



' ThroQghoat the course on Shades find Shadows a distinction ia meaning will be observed between the word shade and the 
word thadow. 

That portion ol a body which ie darkened by leing turned away from the source ot light, and which ie bounded by the separa- 
trix, will be referred to as the thade of that body ; while that portion of a body which h darkened liy the interposition of another 
body, or another part of the same body, between it and the sonree of light will be referred to as the tkadow <A the aeeond body on 
the &rat. 



OoKTBiniOMAL ShADIB AKD âsAIKJWI. 




Fig. 8. 



it IB easily demonstrated, as it may also be done for the contour and ths choMH curves, that the total 
shadow of S is the envelope ' of the shadows Noe. 1', 
2', 3' cast by the chosen curves. 

3d. Then draw this envelope tangent to the 
auxiliary shadows Nos. 1', %', and 3' ; this will be the 
total shadow cast by the surface S on the plane Z. 

4th, Determine the points of contact H,b,-c,d„ 
etc., of the total sliiidow with the curves Noe. 
1', 2', and 3', and passing back along the rays from 
these points to the original curves, we obtain in 
abed, etc, points of the separatrix of the surface 8.,-> 

(b) Sliadow cast by tlie surface S' on the mrface S. 
First. Find, as above, the total shadow of S' on the 

auxiliary plane. (Tlie figure does not indicate the con- 
struction by which this is effected.) ^ 
Second. Take the points of iutersection m', n', etc., of 
this second shadow with the partial shadows Nos. 1', S 
and, passing back along rays from these points to the original 
curves, we find m, n, etc., points of the required shadow. 

(c) Points of has. The points p' and q', where the total shadow 
of S on the plane Z is cut by the shadow of S', enables us, as 
shown by the figure, to find the points of loss p and q on the sur- 
face S by passing back aloug the rays. 

We shall demonstrate in § 3, Theorem 2, that in these pointa of loss, p and q, the curve of shadow, 
pmnq, must be tangent at p and q to rays of light. 

Remarks. — lat. This method is general; it is the one whose application is ordinarily least difficult 
The auxiliary plane, instead of being taken arbitrarily, may sometimes be found in tlie same drawing. 

In place of a plane we may take any other 
auxiliary — as a cone, a cylinder, etc. In 
practice there are generally surfaces repre- 
sented in the drawing which may serve as 
auxiliary planes for the applicntion of the 
method of Oblique Projections. 

2d. From the appearance of auxiliary 
shadows (Fig. 9) we observe three different 
coses of shadows. In the first case tiio surface S' casts no shadow on the surface S ; in the second the shadow 
is closed, without points of loss ; in the third the shadow is open, and there are two points of loss corre- 
sponding to p' and q'. 

S 3. The Thbeb General Thborehs. 

Theorem 1. (Theorem of contours.) 

THE CONTOUR of a surface, its separatrix and it» curve of 
shadow on any other surface, have, in projection' or in perspective, rays 
of liglU which are tangent common to all three. 

This theorem may be applied in Figs. 3, 4, and 8, and also 
herewith. 

a a„ drawn tangent to the contour of S, is also the line of con 

cone of shade, and it will also appear tangent to any section of the , . ^ ,„ 

as the shadow on S' is a section of the cone the Une will also appear tangent to it. 



•"C*""^ 




Fig. 9. 



' The envelope of a Beriee of curves is another carve tnnifent to each oE the series. 
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Notice that at a^ and b^ the line of shadow and the ray of light are not in reality tangent ; the tangency 
is only produced in the projection or in the perspective. The same is true at a and b, the ray of light 
appearing tangent to the separatrix and at the same time to the contour of the surface S. 

Theorem 2. (Theorem of points of loss, Fig. 10.) 

At any point of loss, the ray of liglU is tangent to the line of shadow, not only in projection, but also in 



space. 




pqinlof 



^p^ 

^ 



The line p p^ is a generatrix of the cone of shade and is tangent to the surface of S' at pj. The line of 
shadow is a partial section of the cone, the portion of the cone between i\ and q^ being uncut. 

It is evident that the curve a^p^, as it approaches p^, more and more nearly 
approaches to the direction of a generatrix of the cone, and at pi becomes tangent to the 
generatrix p p^. 

This theorem is subject to exception only in the case when two points of loss 
approach one another so closely as to coincide. In this case a line passing through the 
point of loss at right angles to the ray of light and tangent to the surface S^ will be 
tangent to the line of shadow.* 

Theorem 3. (Theorem of intersecting surfaces. Fig. 11.) 

Wh^n two surf aces intersect in a cui^e tlie shadow from the first on the second begins from 
the point where the separairix of tlie first cuis the intersection, and oJt that poiiii ii is tangent to 
the line of intersection. 

At m the tangent to the curve of intersection ab is the intersection of planes tangent to the two surfaces 
since it must lie in both of those planes. 

The tangent to the line of shadow at this same point m is the intersection of the plane of shade from 
the first surface (also tangent to that surface) with a plane through m tangent to the second. Now these two 
planes, identical with the planes mentioned above, give in their intersection the tangent to the curve ab and 
at the same time that to the curve mq. Tliese two tangents are one and the same line. 

These three theorems enable us to draw the line» of shade and shadow with great accuracy and in 
their true direction by the use of but few points. 

§ 4. The 45° Ray of Light and its Reduction to the Angle 0. 

In geometric drawing the luminous rays arc considered as emanating from the sun. They are, then, 
parallel ; and, furthermore, are chosen parallel to the di«ngonals 
of a cube (Fig. 12), two of whose faces are parallel with the 
planes of projection and whose other faces are in profile. 
This diagonal is called the Empirical Ray. 

This ray has for its principal advantage the fact that it 
makes equal angles with the three planes of projection upon 
which are drawn the plans, elevations, and sections of objects. 
We designate this angle by the Greek letter Phi (0). 

The projections of the Empirical Ray (Fig. 13) make 45° 
angles with the ground line ; but it is important to note that the ray does not make angles of 45® with the 
planes of projection. In order to find these angles in their true magnitude it is necessary to make the fol- 
lowing reduction : 

If we reduce the luminous ray at a' upon the vertical plane, by revolving S into the vertical plane on a 
vertical axis through a (Fig. 13), it then makes with the ground line the angle 0. 

Now Tan. = Sin. 45®, as may be seen from Fig. 13a*, hence Tan. = .7071 ; and the angle may 
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Fig. 12. 



Fig. 13. 



* This will appear evident when we conceive of the shadow as the intersection of the cone with the 
surface S'. 

* Those having no knowledge of Trigonometry will find in the following remarks all the information on 
that subject necessary for an intelligent understanding of the problems taken up in this work. Trigonometry 
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Fig. 14. 



be drawn by laying off a line 1 in length and anoliier at rigixt angles about .707 in length ; the 
closing side forms the angle with the first line. 

Triangle of angle 0, Fig. 14 represents a triangle with angle <P, which is very 
useful in finding conventional Shades and Shadows and will be often used in the work to 
^^ follow. 



treats of the measurement of triangles, and consequently must deal with angles and lines and their relations 
to one another. By Geometry the sum of the angles of any triangle is 180". Then in a right angled 
triangle the sum of the two acute angles is 90°, and either one is the " complement " of the other. 

In Fig. 13a let Oba be any right triangle, with any angle oc at O, whose hypothenuse Oa is 1 in length. 
Now evidently the proportion of ab to Oa varies with the angle oc and Ob varies with the angle at a. But the 
angle at a equals 90° — oc, hence Ob also varies with ex . Now the distance ab, when Oa equals 1 and the 
angle at is oc , is called Sine <x, and the distance Ob is called Cosine « . 

In the triangle Imn, similar to Oab 
mn : ab (Sin. oc ) = ml : Oa (1) .•. 

mn = ml Sin. a .-. Sin. oc = ^^ 

In the same way it may be proved that Cos. « = ^ 

These may be expressed thus, Sin. oc = ^^^- 

Cos-« = ^^^ 

These are very useful equations, for if one angle and one side of any 
right angled triangle are known, all the other parts are easily found by the 
use of a table of Trigonometrical Functions. 

If we take OS equal to Oa and erect a perpendicular at S cutting Oa pro- 
duced in T, we have in TS what is called Tangent oc and, by an evident con- 
struction, we have in pC what is called Cotangent oc . 

Now TS : ab = OS : Ob ; hence, as OS equals 1, TS = St or Tan. oc = ^^' 

In the triangle pC, similar to Oab, angle C equals oc and ^§- = Tan. C = Tan. oc ; but Op = 1 and pC 
is Cot. oc and Tan. oc = ^^ ; hence cot. « = cSi^ ^^^ Cot. oc = gK^- 

In connection with logarithmic tables will be found tables of Logarithms of Trigonometrical Functions 
and also tables of their natural values. Thus it will be found that Sin. 45° = Cos. 45° = .7071. Now as 
Tan. <P = Sin. 45° (Fig. 13a, left side) the angle can be found in the tables by looking for the angle whose 
tangent is .7071 ; it is approximately 35° 16'.^ 
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APPLICATIONS. 




§ 5. Shadow Cast on thk Vertical Plank of PnojECTiON by a Point and by a Straight Line 

IN' DiFFKKENT POSITIONS. 

(a) Shadow of a point. Let aA (Fig. 15) be a point at a distance S from the vertical plane. 
We Iiave in a,A, its shadow on the wall. It is found by determining the point of intersection of the 
vertical plane witli the luminous ray through aA. 

It will be noticed that the shadow A, in elevation is in a 45° line from A (elevation of the point) at a 
distance equal to the diagonal of a square whose side is the distance of the point in front of the wall. 

Hence, if this dititance is known, the shadow 
may be found without recourse to the plan. 

(b) Of a vertical line BG and of a horizontal 
line EF, parallel with the vertical plane. BC casts 
shadow in B,Oi at a distance to the right equal to 
the distance of the line from the wall. Likewise 
EF casts a shadow in a line below it at a distance 
equal to the distance of the line from the wall. 

(c) Of a plane figure paratlel with the wall. 
(A circle for example.) 

~\ This figure casts a shadow its own size and 

Fig, i."), form. The shadow is found by displacing the 

elevation to tho right and downward by a distance 
equal to the diagonal of a square whose side is the distance of the figure 
from the wall. For a circle it is sufficient to find the shadow of the centre 
Fig. 17. by means of its distance from the wall, and to draw the shadow equal to 

the given circle. 

(d) Of a line in profile. (Fig. 15.) 

Take for example the edge of a wall, perpendicular to tho vortical plana The plane of shade cast by 
such a liue is itself perpendicular to the vertical plane, and, consequently, the sliadow, which is the inter- 
section of this plane with the wall (or with any other object, a sphere for example), is a line at 45". 

(e) Of a line in profile plane inclined to the liorizontal at an inclination ^ (m rise to n run). 
In finding the shadow ABj (Fig. 18), it is evident 

that this line is inclined to the horizontal at the 
inclination ^-^-~ (ni+n rise to n run). 

Example, — A line in profile whose inclination 
is f ; then tho inclination of its shadow equals \, that 
is to say it is inclined at 45°, as we have already found 
in Fig. 15. 

A line in profile plane at 45°, that is, with inclination \, has its shadow inclined at i^ = J. 

A stair ramp (Fig. 18) has generally an inclination of }; the inclination of its shadow is ^^ zz |. 
(This last result should be committed to memory.) 
10 
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§ 6. Shadows of a Circls and ok a Cube on the Vketical Plane of Projection. 

Â circle ordinarily occurs parallel with the wall, borizoQtal or in vertical prolile plane. 

Suppose we have circles in three faces of a cube 

whose elevation is ABCD {Fig. 19). First find the ■v^^"^'"!""'"^^ ;■,''' 

shadow of the cube. Let ABCD be the face nearest '/'■• .' \i '"•. 

the wall, and MNPQ the face furthest from the wall. / -a-'' \ 

The distance of the nearest face from the wall is \ i 

supposed to be known. By means of this we find the :V ' " -y/: 

shadow of that face, as shown in AiB,C,Di, by laying DjJ. ■-^^^^^>~i— ^^.">. 
off the distance S to the right and then downward ; ' 

the shadow is a square. 

The square MNPQ is further from the wall than 
the other by a distance equal to the side of the cube ; 
its shadow is in M|N,P,Q|, found by displacing the first 
square a distance equal to its side, downward and again to the right. 

This makes the diagonal M,P, a prolongation of A,Cj and makes 
the two points M, and C, coincide. Then join the angles A,M, -B^N, 
-D,Q, -C,P, by 45° lines, and the figure is on an oblique projection of the 
or its shadow. 

We may note the following in reference to this figure : 

First. The upper face of the cube is a horizontal square ; its shadow 
parallelogram A,B,M,Nj, whose form is easily remembered, thus : One side, A,B,, ~™^ jg 

is horizontal, the other is at 45° ; its short diagonal B,M, is vertical and equal 

to the shortest side. The other diagonal A^N, is inclined at \. Two 45° triangles placed side by side give 
the form of this parallelogram. 

Second. If we inscribe a circle in the upper face of the cube the circle will cast shadow in an ellipse 
inscribed in this parallelogram. This ellipse will be tangent to the sides of the parallelogram at their middle 
points, I'l', etc. 

The line O'B, and O'A, will be cut by the ellipse into the same proportional lengths as are 06 and OA. 
But OT = OB and O'B, = OW. Thus « divides O'l' just as W divides OB. A parallel through « will 
divide O'B, and O'A, in the same proportion at V and W. 

The points ViV, will be called the "points of the short diagonal" and W,W, "points of the long 
diagonal." 

Note that the tangent to the circle at V is parallel to OB and the tangent at \V is parallel to OA. In 
the shadow the same parallelism is preserved by tlie tangents to the curve at V, and W,, Heuce the tangent 
at V, inclines at \ and the tangent at W, is vertical. 

S'lch is the ellipse of shadow cast by a horizontal circle. (The student should learn to draw it without 
hesitation and without finding unnecessary points.) 

Third. The square in profile casts its shadow in the parallelogram 
A,D,Q,M, and tlio circle in profile plane casts the ellipse inscribed within 
i it. This is the same ellipse as the preceding, except that it is reversed. 
! The important points of this ellipse are the middle points I'l', the 

è points of the short diagonal V„V,, and the points of the long diagonal 
- 1 W,\V,. At points ViV, the tangent is inclined at f ; at point W,W, it 
^ is horizontal. 

! i § 7. Application to Architectural Forms. 

(a) Shadow of a drum of a column whose axis is horizontal and 
^ parallel with the vertical plane. (Fig. 20.) 
We find in oV the shadow of the axis, knowing the distance of the axis from the wall. Coiislnict 
on O as centre the shadow of a square in profile plane, and inscribe the ellipse as shown iu the previous 
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paragraph. The tangents at the points WW of the long diameter are horizoutal, and give the shadows 
cast by the lines of shade of the cylinder. 

By passing back along a ray from the point of tangency W to V on the cyHnder we have a point ol 

the shade on 

• the cylinder. 

The separa- 

triz is the 

generatrix 

passing through this 

point. 

'\ Fig. 21b. The shadow of the 

h left base is found by 

À displacing the first ellipse a dis- 

•-"-Ï tance equal to the length of the 

cy Under. 

fig_ 2L Remark. — The breadth of the 

tfiadow of the q/linder is greater 

Shan the diam^er d of the cylinder. It equals four times the distarice OV, 

bettueen the line of shade of the cylinder and tfie projection of the axis} 

(b) Shadow of a drum of a column. Axis vertical. (Fig. 21.) ^,^, ^^ 
The process is analogous to that of the preceding, and needs no explanation. 

(c) Shadow of an arch in profile and of the same arch in section. (Figs. 22 and 23.) 

Following the same method as before, draw the shadow of a semicircle in profile plane two times. 
If the arch is cut through its axis by a plane parallel with the vertical plane of projection, the shadow 
will be composed of one-half the semi-ellipses preceding, joined by the line D,Ci shadow of DC, the line of 
section of the key of the arch. On the intrados at VK, we have a fragment of the ellipse B,K„ inter- 
cepted by the intrados. (Construction will be given later under title of 
" Bridge Shadow.") 

Note K|, the poiut of intersection of the ellipses. 
; (d) Shadow of a cylindrical opening in the ceiling of a square hall. 

1 Fig. 24 needs no explanation. It is analogous to Fig. 23, except that 

: in place of a vertical semicircle 

I we have to consider the shadow 

of a horizontal semicircle. 



>In Fig. 2Ia the plan of the cylinder 
of Fig. 21 ia inscribed in a equare, one 

comer of which ie in the vertical plane "-,- 

of projection. Pass rayg of light tangent B, 

to the cylinder ; then the breadth of the 
shadow on the vertical plane will be WV 

«nd V will be a point of the line of ahade *^K- ^■ 

on the cylinder. Then it is evident from the figure that WV equals four timee OV. 
It will be noted, however, that WV if the diagonal of a fiqimre whose side is the diameter of the cylinder. A 45° line may be 
inwa acroea the elevation of the cylinder, and the diagonal thus found taken lor the breadth of the shadow. 



Fig. 23. 



CHAPTER III. 



SHADOWS OF INTEKEUPTBD PROFILE. 



§ 8. Shadows of a Corona on a Sekies op Planes — All op Which are Parallel with the Ver- 
tical Plane of Projection. 

Let there be a line MN (Fig. 25), parallel with the ground line, forming the edge of the corona, and 
casting ahadow on a series of planes parallel with the vertical plane of projection. 

It ia easily seen that the shadow offsets in the line ab-b|C-c,d, etc., and that it shows the successive 
projectioua of the wall, — that is to say the profile of the shadow, if unbroken by the shadows of the vertical 
lines, would he the same as the plan of the wall. 

The shadow of c, lying in the edge, is c, in the primitive shadow 
from the corona MN. But this is also a point of the shadow cast by the 
edge Cc, and determines the location of the vertical hue of shadow. 

A point such as c, is called a " point of change." In this point the 
shadows of two different lines cross. 



N. 



§ 9. Architectural Application. 

(A) Shadows Cast by a Vertical Line Upon Moldings Parallel 
WITH THE Ground Line. (Fig. 26.) 

First. The profile of the shadow. The line of shadow reproduces P'ûn 

the actual profile of the moldings. ^' 

It is thus possible to draw the line of shadow, without making direct use of the section, if the profile is 
known and the distance of any part of the molding from the line. 

The section (Fig. 26) gives the profile of the molding. Knowing the distance of the line at 1, back of 
the vertical line NR, which casts the shadow, we may draw, beginning at a, the profile of the molding, 

, copying from the section. (Hence it is needless to draw the 

....^^^^^ section.) 

' This is the geometrical shadow cast by the line NR on the 

3ectior\ molding. It is called the "unbroken profile" of the shadow. 

7 It is, however, interrupted by the shades on the curved portions 

N. of the molding and by the shadows cast by one portion on 

^v another. 

d Second. The interruption of the shadow profile. Tlio 

"T^ shadow is completed as follows: (a) The shadow of NR drops 

*] from d to djj through d, pass the horizontal shadow cast by the 

1 molding upon itself. 

Fig. ai. (b) Draw lines at 45° tangent to the curves at points of 

loss, Buch as p and q, and these are found to be at the same time points of the horizontal lines of shade. 

(c) These tangents, prolonged until they cross the " unbroken profile," give, in Pi and qi, points of other 
horizontal shadows cast by the molding on itself. 

(B) Shadow on Vertical Moldings op a Horizontal Link which is Parallel to the Vertical 
Plane of Projecttion. (Fig. 27.) 

It ia the shadow cast by a line, parallel to the ground line M'N', on a series of vertical moldings. The 

13 
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profile of the molding is reproduced, as in the preceding figure, in abed etc. This is the unbroken profile 

(if the shadow. 

We tben distinguish the limiting pointe, b and d, and the pointe of loss, p and q ; we find the points 
of change as before after having determined the interruptions to the 
shadow at p and q. These pointe of change, p, and q„ serve as pointe of 
departure for the vertical shadows cast by other parte of the molding. 




§ 10. Shadow Cast by a Vertical Line on an Inclined Plane 
WHICH IS Parallel to the Ground Line. (Fig. 28.) 

This is a particular case of the preceding problem. The shadow is a 
line c'a,, inclined to the 

horizontal uuder the same q i fj 

angle as the plane makes 

*^" ^" with the horizontal plane, 

and beginning at c', at the distance Vc' from the foot of the 

line, equal to the distance of the line in front of the edge of the 

given plane. 

S IL Architectural Applications. • ^8- 28. 

(a) Shadows on a stairway with sloping abutment The stair has the ordinary' inclination, one rise 

to two run. In elevation (Fig. 29) the 
portion of the abutment in profile plane 
gives a line of shadow at 45° from A. 
The projection « determines the position 
of A„ and the shadow A,L„ cast by the 
inclined portion of the abutment, is in- 
clined at f. (See § 5.) Likewise the 
small shadows cast on the risers of the 
steps are inclined at ^. The upper ends 
of these short lines, on the edges of the 
steps, are all in the same vertical line, 
whose distance, e, to the right of AB is | 
the height d, of the line AB above the 
imaginary plane gh (Figs. 31 and 32), 
which passes through all the salient 
edges of the steps. Fig. 32, at a Inrger 
scale, shows why this distance e is | of tlie 
height fg. 

In plan the abutmente cast shadows, on the ground and on 
the treads, which are inclined at \ (^n), et-c. 

(b) Shadows of a pedestal on a stair. (Fig. 33.) 

First. The projection (supposed to be known) of the corner 
gh in front of the riser No. 2 gives at 2 the shadow on the riser 
of step No. 2. 

Second. Through the point 2 draw the line 1 2 3 at the 
same inclination as that of the stair (one rise to two run), and 
by means of this complete the profile of the shadow. 

Third. Find the shadow m,g ou the pedestal, and g„ by a 
line through the limiting point g, etc. 

Th« remainder ia easily understood from the diagram. fjg. 33. 
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(c) Shadow of a chimney on a roof. (Fig. 34.) 

First. From Z, the foot of the edge of the chimney, draw ZW at the ^1[^ 
same inclination as that of the roof (supposed to be known). 

Second. Laying off from Z the depth of the chimney (known) at 2 
we find on the Une ZW the point 1 and afterward 1', the foot of the back 
left corner of the chimney ; 1'3, parallel with ZW, is the shadow of this 
edge. 

Third. In ajCidjbj we have the shadow cast by 
the top of the shaft (at ah). 

Fourth, m^f^ is the shadow of the cap on the 
shaft of the chimney. 

Fifth. The shadow of the cap on 
the roof is at MiNiHjKi, and it will be 





k^^^>^:ï angle ot'roof 

A.i 

• P -Î p=deplh 



1' ig. o4. 



N, 



^:^ope of roof 



F g. 3o. 



noted that a^ and Mi are both on the line 4aiMi inclined at the angle of the 
roof and drawn from the point 4 ; likewise Ki and d^ are both on a line 
having the same inclination as the roof. 

(d) Shadow of a dormer on a roof. (Fig. 35.) 

The vertical bFj gives a shadow bP^ inclined at the angle of the roof, 
beginning from b where the corner bPi pierces the roof, etc. 

The shadow of the cresting, a mere matter of detail (see the figure), 
is drawn more or less from the imagination ; we have only to incline the 
shadows of the vertical members of the cresting at the same angle as the roof. 



§ 12. Shadow of a Horizontal Circle on a Vertical 
Wall Receding at 45°. 

The plane Q (shown in perspective, Fig. 3G), which is 
vertical and forms the angle 45° with the vertical plane of 
projection, is cut by a horizontal circle; suppose that the 
centre is in the plane Q. We shall call such a plane an 
oblique plane at 4.6^. 

Projection drawing. (Fig. 37.) Two diameters of the 
circle, VW and fd, at right angles, give two conjugate 
diameters of the ellipse of shadow, f^d^ and VW. It will be 
noted, 1st. That these latter diameters are at right angles ; 
2d. That they are equal ; hence the shadow takes the form of 
a circle. This circle passes through the 45° points V and W. 

This proposition is particularly useful in the problems which are to follow, and greatly facilitates the 
application of tlie method of oblique projections.^ 

^ It is qaite essential that the reader make all these drawinga ; make them at a larger scale, and take other figures than those 
given here. He will not and, then, exactly the same results, and in ohserving the differences the study will become much more 
profitable to him. A thorough mastery of Shades and Shadows cannot be gained by merely reading the book without mak'rg 
the practical applications. 




Fig. 30. 
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CHAPTER IV. 




LINES OF SHADB ON 8UKFACES OF REVOLUTION. 

§ 13. Shade on a Conb. (Fig. 38.) 

Oeneral MdJtod. — 1st. Take any auxiliary plane P. Find upon it the shadow ajb, of the base and the 
shadow S, of the apex of the cone S ; 2d. Draw the two tan- 
gents S,tni and Sin, ; 3d. Pass back from m, to m and from 
D, to I on the base ; the shade is Sm and SL 

Beuabe. — The plane P may be chosen to pass through 
either the base ab (when there is no need of finding the 
shadow of that base) or through the apex (when there is no 
need of finding the shadow of the apex). 

(a) Projection drawing, 

Mrst Method. — By finding the 

shadow on a horizontal plane. 

(Fig. 39.) 

Fig. 38. Fig. 39. Ist. S, is the shadow cast 

by the apex on the horizontal 

plane of the baae ; 2d. Draw the two tangents S,m and S,n to the base (which ' 

is its own shadow), this gives the shadow of the cone ; 3d. The lines of shade 

are Sm — S'm' and Sn — S'n' ; 4th. Find at S', the shadow of the apex on 

the wall, and join it with the "points of folding" « and P, where the first 

shadow cuts the ground line ; this gives in « S'^ the shadow cast on the wall 

(b) Second Method. — Using the oblique plane at 45° (Fig. 40, shown in 

perspective). Ist Assume the oblique plane at 45" passing through the axis 

and consequently containing the apex S ; 2d. Find in Va,W the shadow of 

the base (§ 12). We know that it passes through the 45' points of the base. Fig. 40. 

V and W, and that in projection this shadow will appear as a circle; 

a _ 3d. The apex S, being in the plane, is its own shadow. 

4th. Draw the tangents Sm, and Sn, to the shadow of the 
base; then the figure Sn,VaiWm, is the shadow of the 
cone on plane P ; 5th. Pass rays through m, to m and 
through n, to n on the base; then the shade of thecone 
is Sm and Sn. 

Projection drawing. (Fig. 41.) Let Sab be the ele- 
vation of the cone, the axis being vertical. 

1st Find the circle Vc,W, shadow of the base on 
the oblique plane at 45° (see § 12) ; 2â. Draw tangents 
to this from the point S, and find in m, and n, the points 
of contact ; these pointa of tangency may be found with 
greater exactness by describing a circle nim,S with the 
*''«■ *'■ ^- *^"- centre at I, which is the middle of SO' ; 3d. Passing 46° 

rays through m, and n, we find m and n on the base ; the lines of shade are Sm and Sn. 

' A line ia tangent to a given circle at a given point when a radins forms a right an^le with the line at that point. The familiar 
geometrical propoeition that Bn3r tiro contiguous lines which, ti^ether, subtend a semicircle (as Sq and qO or Snij and m,0, Fig. 
41a) are at right angles, enables ns to find the exact point of tangency by the arc of a circle. The Une nijO being understood, need 
not be drawn. 
16 
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§ 14. 45° Conk — Conb of Angle ip — Cone Without Shade. 

First. Coue whose angle at the base is 45°. (Fig. 42.) Using the construction of the last paragraph we 
fiud that one of the lines of shade, Sa, is in the contour Sa — S'a' of the cone ; the other, Sc, is a vertical 
line in the elevation. The cone has then only a quarter of its surface in 
shade, and this shade is entirely hidden in elevation. 

Second, Coog whose angle at the base is y). (Fig. 43.) A ray through 
the apex S-S' does not leave the surface of the cone, since the cone is 
itself inclined at the angle <p. Now S,, shadow of the apex, falls on the 
base and the shade is reduced to a line S,S. In reaUty there is no shade. 

Third. Hence it is evident that any cone having at the base a less 
angle than ip has no shade. 

§ 15. Shade on a Oylindee. (Fig. 44.) Fig. 42. Fig. 43. 

Considering a cylinder as a cone whose apex is at infinity, we may 

find the shadow by drawing two tangents at 45°. The lines of shade are 
then verticals through m' and n'. They pass through the 45° points of 
the base, n and m, which are easily found by the construction shown at O'ca. 
(Pig. 44.) 

The distance x equals Op, which is one side of the 45° triangle 0pm. 
By trigonometry Op is .707 of Om, or x is about .7 the radius. 

The triangle O'ca is equal to Opiu ; O'c = Op, and is applied to the 
cylinder by the arc. 

§ 16. Shade and Shadow of the Sphere. (Fig. 45.) 
1st Case. For sitnpUficàtîon the ray of Ught is made parallel with the 
vertical plane of projection and 
thus makes the angle <p with the 
ground line. 

(a) 5Aade.— The ray of light 
being parallel with the vertical plane, the circle of contact of 
the cylinder of shade with the sphere (the plane of which is 
perpendicular to the ray of light and also to the vertical 
plane), is shown in Uie elevation by the line m'n', perpen- 
dicular to the ray tp. 

In plan this will be an ellipse, which is the projection of 
the circle m'n'; its two axes are cd and mn. 

Calculation of y, half the minor axis. — In elevation we 
have o'u' equal to y. o'u'm' is a right 
angled triangle whose angle at m' is f 
= 35° 16'. By trigonometry the Sine of 
jt> = .577 approximately, and y = .577 

o'm'; if o'm' be called R, y =.577 E. But ^j,^^ ^ ^^y. 

K is i the major axis of the ellipse, hence 
Pig 45a. ^^ major axis is to the minor axis as 1 is Fig. 46. 

to .577, or very nearly as 7 is to 4. 
But om equals \ of the side of an equilateral triangle inscribed in the contour.* 




Fig. 44. 




* (Fig. 45a)— The line cl — R (side of inecribed hexagon) and the triangle qcl is a right triangle with 30° at c ; by trigonometry 
cq = .866 ot cl and ql = .5 of cl ; hence ql = i R and oq = i pq. 

The trianglefl omq and pkq are BÏmllar, hence om is i pk. As faitber pioof we nuy note that in the triangle oqm w« have 
oq (= J B) =.866 om, hence om = "» =.577 B. i^ S. Si 
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Practical construction for the ellipse of shade : 

Take dK= R ; joih Kc, and the ilitersectiou m nith the central ray oo, gives the extremity of the minor 
axis. Complete the ellipse. 

^ (b) Sliadow cast on the horizontal plane. (Fig. 45.) It is the ellipse n,m,c,di. Its 

d, equals the diameter of the sphere and is perpendicular lo the ray of 
light. Its mHJor axis z equals o',m',. Consider tho right triangle 
o',tm', with angle tp at m',. Then by trigonometry R = .577 o',ni'i 
(= t) and z = ^^ or z : R = 1 ; .577. But in tho last paragraph wc 
found that R : y = 1 : .577, hence R : y = z : R and the ellipses of 
shade and shadow have the same proportions of length to brendlli. 
Now y = .577 R and z = -gj^ R, whence it will be found that 
- z = 3y. It will be further noticed that cmn is an equitateral triohgle. 
Construction of the ellipse of sh^idow : Take z equal to 3 times y ; 
or oh cd as base construct equilateral triangles ; the summits m, and 
n, of these triangles are the extremities of the major axis, 
lor axis equals the diameter of the sphere. 

IE Usual Case of the Shade and Shadow op the SniEBE. (Fig. 46.) 
Fig, 46. Apply the results obtained in the last paragraph, only setting them at 45"*. 

FiKsr. In plan we have in O, the shadow of the centre. The minor axis of 
the ellipse of shadow is c,d, peri^eudicular to the ray of light and equal to the diameter of the sphere; 
the major axis D,m, is obtained by equilateral triangles. 

The major axis of the shade, cd, equals the diameter of the sphere; its semi-minor axis is om, found 
as shown in the last paragraph. 

Note. — ^The 45" points c and d, projected on 
the diameters 01 and 02, give points of the ellipse 
at 1 and 2 (becomes evident on comparison of plan 
and elevation). 

Second. Shadow on the vertical plane. Hav- 
ing in 0', the shadow of the centre on the wall 
(determined by the distance of the centre from the 
wall), complete the ellipse exactly as m the plan, 
by using the equilateral triangles. 

Remark. — The " points of folding," at and P, 
where the horizontal ellipse of shadow cuts the 
ground Hue, are also on the ellipse cast on the wall. 

§ 18. Shade on Any Surface of Révolution. 

(a) Shade on a torus. Elevation. (Fig. 47.) 

The points on the contour m and n are found 
by tangents under 45" (see § 3, Theorem of Con- 
tours). On occount of symmetry with reference to 
the 45° meridian, the point m" on the axis is found 
by drawing a horizontal mm". The 45" point on 
the equator, k, is found by the arc oSk (the same as 
for the shade on the cylinder, application of the 
method of circumscribing surfaces). In order to 
find tho lowest point, c', opply the method of cut- 
ting plane». Suppose that the 46° meridian plaho, 
pandlel with the light, be revolved backward until 
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it becomes parallel with tlie vertical plane of projection, carrying with it the ray of light, which then appears 
at the angle (p. 

Then draw f c" tangent to the principal meridian under the angle f ; revolve c", the point of tangency, 
back to its place at c'. In this revolution the point ip on the axis remains fixed, and the point c^' is dis- 
placed horizontally. The ray at tp becomes the ray at 45° and the point c" will be found at c' on the 45° 
line through (p. 

In this way 5 points are readily found and also the tangents at three of these points, n, m, c' ; these 
will generally be found to be sufficient in practice. 

It is evident that the same principles will apply in finding the shade on other surfaces of revolution. 

(b) Shade on a torus. In plan. (Fig. 47.) 

1st. Points on the equator, 4, 4, are found by 45° tangents (Theorem of Contours). 

2d. Points 1, 3, on the two co-ordinate meridians may be found by drawing 45° tangents to the prin- 
cipal meridian in the elevation, and transferring the points of tangency to the plan. 

The highest point, 2, in the 45° meridian of symmetry may be found by drawing a tangent to the con- 
tour (in elevation) under the angle <p^ and then transferring the point of tangency to its proper place in the 
l)lan. 

Remark. — The shade in the plan is what is called a concoid of the ellipse 4 2 4, which is the shade of 
the central sphere (a sphere of same radius as the section of the torus). 

This is obtained geometrically by drawing such radii as Ox, taking their intersection with the shade of 
the central sphere, and laying off a distance x, constant and equal to the distance from the centre of the 
torus to the centre of the meridian circle. 
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§ 19. Shadow op an Abactts. (Fig. 48.) 



( 

enables us to find in SjCj the Eig. 49. 

shadow of the architrave fillet on 

the fillet of the guttte and in BjCj the shadow of the latter on the architrave (interrupted by the guttœ). 

Suppose that the guttœ are cylinders whose axes are at distance oc 
from the wall. The fillet md, casts shadow on the guttœ in arcs of 
circles having 0, and as centres. The points of loss, p,p, correspond 
to the points of change, pj,P(, on the architrave. Finally, the circles 
nt the base of the guttœ cast half ellipses inscribed in the half parallel- 
ograms Jif,fi. The figure shows the construction. 

§ 21. Shadow of a Circular Cap on a Column. (Fig. 60.) 
Axis of column } R in front of wall, 
(a) Shadow cast on tlie shaft. 

First. Find in W and V the shades on the two cylinders. 
Second. Point of loss. A circle of radius OW is the shadow of 
AB on the 45° oblique plane. The point where this arc crosses VS, 
Fig. 50. since it lies in the surface of the cylinder and also in the line of tlie 
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auxiliary shadow, is a point of the real shadow and ia also the point of loss. (Tangent at 45°, see § 3, 
Theorem of Point of Loss.) 

Thikd. The highest point. The circle of auxiliary shadow cutâ the axis at ^; it will be seen that 
this is the sliadow of the 45" point of tiie âllet. Eniployiug the metliod of cutting planes the 46° ray if is 
revolved parallel to the wall on a vertical axis through f and becomes the ray f. The intersection of this 
line with the contour of the column enables us, by revolving back the ray to its first position, to locate t, the 
highest point of shadow. 

The following will possibly be a simpler operation : Draw a 45° line from W to S on the line of shade 
V'V, and locate t on the same horizontal with 9 and at the same distance from the axis. (WS is a line in 
the oblique plane of auxiliary stiadows.) 

Tlie highest point and the point of loss with their tangents generally suffice for drawing the curve. 

Fourth. Point c on the axis. The continuity of the curve already drawn gives this point; but it can 
be found directly.' In practice, liowever, it is unnecessary to find it directly. 

Fifth, c' ou the contour is, on account of symmetry, on a horizontal with c, but is also easily found as 
just suggested. 

(b) Shadows ou the wall. Knowing v , the distance of the axis from the wall, we find A,B„ shadow 
of the diameter AB, at a distance « below AB. Tlie ellipse of shadow A,I,W, is drawn as already 
shown in § 6. 

The shadow of the column P,V'i is at a distance from the shade line equal to x + oc . x is the distance 
from the line of shade to the axis line. 

Remarks. — Ist. P, is the shadow of the point of loss ; 2d. W and W, are in the same 45° line ; 3d. (im- 
portant) The projection of the shadow of the fillet be- , 
yond the shadow of the column, or the distance 
V',W'p must have a breadth ^' = 1.414^t or about 
iPi * being the projection of the fillet beyond the 
shaft* 

(c) Horizontal cylinder. (Fig. 51.) The im- 
portant points, viz., nearest poiut, point of loss, point 
on the axis, and point on the contour, are found 
in the same manner as above. 

Tlie shadow shown in Figure 52 occurs some- rif. ■')!. pig. 52. 

times in architecture, as iu the ancient circular 

f- 1 ERîSJsa *®™I'^^ dedicated to Vesta. In the figure the exterior columns are omitted ; 

L I w^^ *'''^ I''"" '^'^ ^'^ necessary in order to determine their shadows on the 

' i^^^^^^^^^^^^^^r^^ surface of the wall. 

'"i" cl ^^^^mt ^ ^^' Shadow op a Circdlar Fillet with a Conqk of Circular 

^ ^y Contour. (Fig. 63.) 

I l-~^ First. Draw the shades W of the fillet and VS of the shaft. The 

\ J'-' latter is continued to a theoretical line of shade Smgn. n is at the 45° 

tangency on the contour; m is at the same level on tlie axis line ; g is 
ii^r. 5,1. found from the p tangency on the contour. S is on the shade line of 

the cylinder at the springing of the congé. 
Second. Point of loss P, found as in the last paragraph. 

Third. The point of greatest height ■x '. Draw through A the ray y; take in oc its intersection with 
the congé and revolve it forward about the axis of the shaft through 45°, the point «p being fixed. (§ 21.) 

' Both c and c' may be found by meanB of tlie auxiliary shadow of the cap on qd oblique plane under 45° passed through d 
and e (plan). 

' In Fig. 50 it will heniticeil that V'jW, {—>■') is thehypothcnuaeof an isoscelea right triai^le of which VW {=>l)i8 another 
side. Sine45''=.70Tland V'W'=.7071W',V'i; hence A' = -^ = about l.&i. 
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Rbmabk. — ^Fig. 54, drawn at A large scale, shows that tlie angle «OA equals 2ç>.* Let h' be the 
height of « above the springiug, C,and let h (= OA = 0« ) be the height of the congé; then, from the tri- 
angle «gO, go: = O oe Cos.2y> or h' = h Co8.2y = .3333h. Heuce li' = |. . 
*^^fei- »- This result should be memorized, as it enables one to find the highest point of 

■ "'V^^i ; tlie shadow with very little drawing. 

i" --'v^'*! § ^^- Shades asd Shadows op an Astragal. (Fig. 55.) 

H^:. y-'M-^ ' . Suppose the axis of the column in tlie surface of tlie wall. If the axis were at a 

■ ''' 'W distance a in front of the wall, Ihe shadow 
; _,•' _/' ^ on the wall would be displaced along a 45° 
1^''' y' line through a distance equal to the diag- 

B*'-"'' onal of oc . 

Pj 5^ First. Shade on the torus (see S 18). 

b and a are the points on the contour (45° 

tangency); a Iiorizontal through b gives C on the axis line. 

The point f, on the equator, is found by circumscribing a 

cylinder about the torus ; then If, or x, = .7 IF (sec § 15). 

Second. Shade on the shaft. It is found in PV as jirc- 
viously shown (5 15). The shadow la PiV,, found at 2x from the 
axis. 

Third. Shadow of the torus on the wall. The lino Kfj, 
containing the shadow of f at f^ is at a distance from the axis 
equal to 2x (the distance of f from the wall is If; compare 

Fig. 50). Likewise C casta shadow in Cj, which is in a vertical „. , . 

with a (C is at a distance Cb from the wall). The point S, found 

by the lino ^, casts shadow on the wall at f. The shadow cast by the torus on the wall is then a curve pass- 
ing through the following points : b (tangent at 45°) ; g (on the contour) ; p (on the axis, tangent there is 
inclined at J) ; Cj (tangent horizontal) ; fj (tangent vertical) ; a (tangent at 45°). 

Fourth. Shadow of the torus on the column. The point S,, highest point on the shaft, is found by a p 
line tangent to the contour of the torus. The point of change, P„ projected back at 45° upon PV, gives 
the point of loss of the shadow of the torus on the cylinder. This shadow can then be di-awn through P 
(tangent at 45°) and through S, (tangent horizontal). 

The point on the contour (tangent vertical) will be in the same horizontal with the point where the 
shadow crosses the axis. 

§ 24. To Find the Point op Loss Directly — The Oval Curve, or the Shadow of a Torus on 
the Oblique Plane at 40°. 

First find in f Pp (Fig. 55) the shadow of the torus on an oblique plane passing under 45° through the 
axis. This auxiliary shadow we shall call the Oml Ource of the torus (it is not an ellipse). The use 
of this curve will be necessary in the following lessons. 

Consider the oval curve as the envelope of the shadows cast on the 45° oblique plane by parallels 
of the torus ; these parallels are circles and the method for finding their shadows has already been given 
(5 12). 

The equator EF (Fig. 55) casts a circle of radius If and determines one point f of the oval curve (tan- 
gent vertical). The parallel bC, at the 45° tangency, also casts a circle and gives a point C" of the oval 
curve (tangent at 45°). Finally the point f on the axis (determined by the line ^, tangent to the torus) 
is the shadow of the lowest point S ; it is also a point of the oval curve (tangent horizontal). 

' Consider the triangle AOa . The anele at A eqiiala 90°— y and, the triangle being isoscelps, the angle at « equals that at A. 
The 8UIU of the tngles of Ibo triangle it 180°, hence tlte angle at equals 2^ and 0« g equals 2f. 
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This oval curve intersects the shade on the shaft at F, which ia also in the oblique plane ; then P is the 
point of 1o:js. 

Eemakk 1. — In the practicul application of this 
method the torus very ortcii hits a vmy small height 
iu comparUoii with its breadth ; in this case we may 
approximate the oval curve by « circle obtained as 
follows : Take a point $ at aI>out ^ of CI (Fig. 55), on 
the axis, and describe a circle with this point as centre. 
This circle may take the place of the oval enire with- 
out sensible error only on the condition that the height 
of the torus is very small in proportion to its breadth. 
(Fig. 56.) 

Remare 2. — The astragal may, as in Fig. 57, accompany a horizontal cylindci 
same, but are placed diflerently. 




Fig. 6ft 



Fig. 57. 
The shadows are the 
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SHADOWS IN HOLLOW CYLINDERS, AND APPLICATIONS. 

§ 25. Shadow of a Cylinder op a Steam Engine, in Section, with the Piston Projectinq. (Fig. 58.) 
.— ^- First. Shadow of the cap AB. The line AB, section of the cap, 

casts shadow ia a semicircle described ou AB as a diameter. 

The shadow m,3 and Dj4 of the shaft of the piston is found by 
drawing 45° tangents to a circle at mn. Id reality the semicircle AB 
and the small circle mn serve as a plan. 

Second. Shadow of the projecting piston. Find at W the shade of 
the piston and in Vq the theoretical shade of the hollow cylinder. 

The shadow is cost by the projecting circle CD in the liollow cyliit- 
dor, which has the same circle for its base. Now from the following 
theorem, "Wlien two surfaces of the second degree (in intersection), 
cones, cylinders, spheres, etc., have a plane curve of entrance, the curve 
of exit is also plane " (Descr. Geom,), we may conclude that the shadow 
is a plane section of the cylinder and, consequently, ia an ellipse. Two 
diameters of the circle at right angles, WW and V'V, for example, will 
give two conjugate diametera of the ellipse.' 

V\V and EV, are the conjugates of the ellipse corresponding to 
WW and V'V'i of the circle, and E\\ is inclined at f (since ViW=WV 
= 2EW) ; hence we may conchide that the tangents at the points of 
departure V and W of the ellipse are inclined at f, etc Follow the 
figure. 

Remark. — C casts shadow at C, on the axis (tangent at 45*) and 
E at E, on the contour' (tangent vertical). 

§ 26. Shadow in an Open Cylinder, or Bridge Shadow. (Fig. 59.) 
An application of the preceding. The half cylinder of Fig. 58 is 
here supposed open at . 

Fit;. 58. the top. In this case we j^ /-. 

have only to deal with r. " v "^ 
the portion VC, of the ellipse of Fig. 58. 

It will be noticed, 1st. That the point of departure V 
of the ellipse ia the left 45° point of the semicircular end 
of the cylinder, and that at this point the tangent is 
inclined at f. 

2d. That the point C, on the axis is at 45" from the 
point C, and that at this point the tangent is a 45" line , 

llirough C. This enables us to draw the shadow. C ' I 

If the cylinder has a horizontal axis, as in the case of ^. ,„ p. an 

1-1-11.1. rjg. oil. rig- W. 

a cylindrical bridge m section (Fig. 60), the line is the 

same; the point of departure is V. The tangent there is inclined at J. 

' Two diameWrs of nn ellipne or circle are conjuitate when tangents at tlie estremitiee of one are parallel to the other. 
'As CD' and E'C, an- also conjugate axes of the circle, EC, an<] EE, must be conjugate aiea of the ellipse, hence the tangent 
ftt E is vertical and that at C, is at 45°. 
24 
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The point C, is on the line of springing of the arch. The tangent there is at 45° from C. This shadow 
will bo called the Bridge Sfiadow. 

The shadow of an arcli in section (Fig. Gl) is merely a portion of the preceding shadow. 



«i=i- 



.X 



§ 27. Shadow of a Re-Entrant Fillet (Semicibculab Plan) — The Abch. {Fig. 62.) 

tj^ A half cylinder whose base is the semicircle AB ; at the top 

,.';■;_ X' a cover pierced by a smaller half cylinder CD ; it is the latter 

,■' i Iv'-,"' -, which we call a re-entrant fillet. If the large cylinder becomes 

a vault, as in Fig. 63, the small ^^ gj_ 
cylinder will be called an srcb. 

First. The line AB will give as shadow the 
semicircle AA,B, on which we find in C, the shadow 
of C, and in D, the shadow of D, where the line AB 
is broken. 

Second. Shadow of the semicircle CD ; this 
is the curve passing through the points C, (tan- 
gent at 45°) ; V, (tangent vertical, shadow of the 
45° point of CD) ; S' (highest point, tangent hori- 
zontal) ; and D, (shadow of the point D, tangent at 
45"). (Note that these tangents are the shadows 
cast by the tangents to the circle CD on planes 
^'«- ^- tangent to the cylinder.) 

Farther details of the operation are as follows : 

(a) Point Vj, farthest to the left. It is the shadow of the 45° point, V, of the circle CD. But V is in 
the 45° oblique plane passing through the axis. Now, where is the vertical in the surface of the large 
cylinder, whose auxiliary shadow, cast back on the oblique plane, is 5,V ? It is the line 5V, ; for the shadow 
of the semicircle AB on the oblique plane passes through W5,, and 5 is the point on AB which casts 5, ; 
hence 5Vi casts shiidow back to 5,V and V, is tlie shadow of V on the surface of the large cylinder. 

(b) Points 3, and 4, on the axis line. The .same method may be used for any vertical of the large cylinder 
and any number of points found. Take the axis line ; this casts shadow on the auxiliary plane in a vertical 
passing through 2,. It crosses the shadow of CD at 3' and 4', which ara the auxiliary shadows of 3 and 4. 

(c) Highest point, S'. Found by the use of the ray y. 

§ 28. The Same Problem — A Simpler Method (Horizontal Cylin- 
der). (Fig. 63.) 

Draw the two circles on the diameters AB and CD and use them as a 
section of the two cylinders revolved backward and to the right. 

First. Vj, the highest point. This is the shadow of V, the 45° point 
of the circle CD, and is found by projecting V upon the section in V and _ 

. casting the shadow on the large cylinder in section at V, and projecting 
this upon the elevation at V,. 

Second. Points 3' and 4' on the axis. These are found by cutting the 
two cylinders by a 46° plane passing through Z. This plane cuts the small 
cylinder in 3 (found by 3" in section) which casts its shadow along the cutting 
plane on the line Z at 3'. Any number of such cutting planes might be used. 

Third, t,, point farthest to the left. This point is in a 45° cutting 
phxne Of, (section) passing through the axis ; the operation is evident ^'^- *^- 

from the figure. If the cylinders were not cut in half the complete shadow would be E,Kit,DE,. 

§ 29. Architectural Application. 

In the corresponding architectural problem the lower half of Fig. 63 becomes vertical wall ; ZCj and the 
line through t, become vertical lines ; and C,V, and E,Ki become arcs of ellipses. 
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: HOLLOW BFIIKUES SPIIEKHAL VAULTS. 



§ 30. Shadow in a Bowl— In Plan. (Fig. 05.) 

A hollow hemispliero forming a cavity in a cubical block. 

The equator tku, iu plan, casts a shadow IkjU, whicli, by a theorem already refen-eil to (§ 25), is a plane 
secLioQ of the sphere, and couscqueiitly a circle projected 
ia tlie form of an ellipse. .^' 

First. Points of origin t and u. These are the ix)iiita 
where the ray of light is tangent to the equator; tu is the 
major axis of the ellif)se of shadow. 

Second. The farthest point kj. It is the shadow oft, 
located on the 45° meridian of symmetry; in ordtr to find 
it use the method of cutting planes. The section made 
by a vertical piano through kg is revolved about kg into 
the plane of the equator and coincides with guk; the ray 
of light from the point k is shown in kk', making the 
angle yj with kg; its intersection k' witli tlio surface of 
the bowl is transferred to kj by revolving the plane of 
section hack to its first position. 

Consider the triangle Okik', in which Ok, is the 
minor axis of the cUipso of shadow and Ok' is the radius 
of the sphere. 

Now the angle at 0=2^ as we may prove by consider- 
ing the triangle Okk', thus : Ok' = Ok and angles k and 
k' are equal, hence angle O equals 180° — 2<p, so that the 
angle at O in the first triangle equals 2ip. 

We have already seen that Cos. 2f = J, Then 
Ok, = i Of or è R- 

§31, The Bowl in Section. 

In reality this is only a quarter of a hollow sphere. 

First. If the meridian wa'u' were complete it 
would give as shadow the ellipse wd'u', idenlieal with 
that found in the lust paragraph, the minor axis o'd' being 
equal to ^ R. 

Second. But the meridian stops at a' ; we find in &\ 
on the ellipse the shadow of a', and only the portion of the 
ellipse between tliis and w is used. 

Re&iark. — We also have oc a', = J oc a', which gives the point a', more exactly. Wlien a circle is described 
on the major axis of an ellipse as diameter, the proportion of the ordiuates of the circle to the ordinales of 
the ellipse is constant. Here the proportion is 1 to 3, 

Third. Shadow of the equator. It is the shadow of the arc a t in the plan, and the ellipse of shadow 13 
26 
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tliB vertical projection of the ellipse tk,u. Now a' gives a', (tangent at 45°); t' is llie point of origin 



Section (vertically over w); 



Iiicli is sufficient to detennine the are 
t'a'^ 

Remarks. — let. At t' the tan- 
gent is parallel with o'k'„ conjugale 
diameter of o't'. ((Jompare plan.) 
But in the plan oki — J og; hence 
in the elevation I'k'i (= o'S') = 
Jo't" = Jo'l'. Nowt'S' = S'k',and 
o'S' = i t'S' = i S'k',. Hence at 
the point of origin t', the tangent is 
inclined at j-. 
2d. In the bridge shadow the tangent to the ellipse at the 
In the bowl in section the tangent at the point of departure is inclined 




fig. (j7. 



point of departure is inclined at J. 

at f . It is well not to confuse the two cases. 

§ 32. Shadow in the Spherical Niche. {Fig. 66.) 

Elevation. — 1st Take od at 45"*, equal to J R. Draw the 45° tangent at g and the quarter ellipse ogd 
it will only be used as far as f. 

2d. Find shadow of a at a, (on the axis hne). 

3d. Connect f and a, by an irregular curve tangent to the ellipse at f and to the axis line at aj. 

Section. — The shadow is identical with that of the section in Fig. 05, but it is differently placed. 

S 33. Cylindrical Vault Terminating in a Half Domk. (Fig. C7.) 

ba, is the bridge shadow, gm is an arc of the howl ellipse, om is a part of an ellipse and is the shadow 
of the line km on the quarter dome, and tangent to a,© at o and to the ellipse at m. 

§ 34. Spherical Vault at the Left of a Cibcular Tunnel Vault, with an Intermediate Arch — 
In Section. (Fig. 68.) 



First. Draw «edA„tho niche shadow, as follows : Draw from u an arc of an ellijise whose minor axis oz 
equals } of the major axis, and eooiplote the curve to A, on the axis at 46° from A. 
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Second. Profile shadow at e'd' on the arch. In order to locate d' find, as in § 27, the shadow V,dF, of 
tho arch on the cylinder, and the point of change d ; pass hack to d', and we find th«;i-e one end of the 
interrupted portion of the shadow. The other end, e', is derived from e, where the shadow of BB' crosses the 
uicbe shadow. The remainder of the shadow, B,CjD„ has already been given in § 27. 

§ 36. The Saub Vaults Reversed. (Fig. 69.) 

FiBST. Find the shadow on the arch in the ordinary way (bridge shadow). 

Second. In WZ we have the ellipse of the bowl shadow ; the minor axis OZ is J the major axis OW. 
It is of use only as far as Â„ shadow of A. 

Third. The vertical line ACDB gives for its shadow in the sphere an ellipse AWB, which is nothing 
else than a section of the sphere by a vertical plane at 45° passing 
through the centre. Hence we conclude that W is vertically 
below W. 

A„ already found, must also he on this ellipse. The ellipse 
is used ouly between A, and C„ shadow of the point C, and between 
B and D^, shadow of the point D. 

Fourth. The horizontal line EC, of indefinite length, will 
cast as shadow an ellipse, « JC,^', which is the projection of the 
circle in which the plane of shade from this line cuts the sphere. 
This plane of shade is parallel with the ground line and is at 46** 
with both planes of projection. 

It is easily demonstrated (a) that this ellipse is tangent to the 
profile of the sphere at oc , where the line EC continued meets the 
profile ; (b) that, if we draw the line Cd at 46°, the point 3, trans- 
ferred to y on CD, gives in S3' the semi-minor axis of the ellipse ; 
(c) that, if we drop a perpendicular 01 upon C8, the major axis is 
SIJ, and further, SJ equals 13'; (d) This ellipse must pass through 
the point 0,, already found. 

Of this ellipse only the portion C^Ej is used. 
j-ig_ 69 Fifth. Shadow of the arch on the sphere. The point V„ 

farthest to the left, is found by means of the ray f. 
The shadow of the profile circle DO passes through the following points : D,, already found (tangent at 
46") ; V„ already found (tangent vertical) ; and C,, already found (tangent at 45°), It is well to have an 
intermediate point, as at N,, shadow of the 45° point of the circle, thus : 

Find the shadow cast on the sphere by the horizontal MN. This will be, as in the case of EC, an 
ellipse which is the projection of a circle parallel with the ground line and inclined at 45°. The point «' 
on the line MN produced, and in a vertical with oc , already found, is a point of this ellipse ; for it is the 
point where the line MN pierces the sphere.' Noc' will be the semi-major axis of the desired ellipse, and, as 
it must be similar to the ellipse J3, already found, we may draw oi/K parallel with J3' and we shall have in 
K the extremity of the minor axis. 

Or oc'K (also J3') is inclined at the angle y (easily demonstrated). This ellipse once drawn, we may 
find in M, and N, the shadows of M and N ; and the shadows cast by the two circles EM and ON are tan- 
gent to this auxiliary ellipse. 

Note that the point of change, S„ is at 45° from the limiting point S. 

> Consider the circle AWB as the profile section of the sphere, revolved parallel to the vertical plane, and Ci the plane of shade 
from ECcc in profile. Then the major axie of the ellipse will be found where a great circle of the sphere will cross the plane of 
shade at right angles. The only great circle that croesee the plane of shade (CJ) at right angles is OIW. The line in which the 
plane of shade cuts the sphere is in reality a circle, and li is half the breadth of this circle. Hence SJ mnst be made eqoal to li. 

■ To make this clearer we suggest that if the circle CD be displaced horizontally and parallel to its^ tintil takes the position 
^', the Diide CD thus displaced will be entiiely in the surface of the sphere. 



Conventional Shades and Shadows. 



§ 36. Shadow of a Sphbrical Dome Supported by Pendentives and Abches. (Fig. 70.) 

First. Construction of the vault. Imagine a hemisphere whose equator passes through the four 
comers of a horizontal square. Cut this sphere by four vertical planes passing through these four comers; 
they intersect the sphere in four circles. A short dis- 
tance below these circles suppose the vertical planes 
cut by four horizontal cylinders; the cylinders are 
barrel vaults, which the sphere serves to join. 

The spherical triangles which come to a poiut at 
the corners on the equator of the sphere are called 
pendentives, and through these the weight of the vault 
is transmitted to the supports. Over the pendentives 
is the cupola Wb. 

Second. Shadows of the section. Suppose that 
the arch facing us is filled to half its depth by a wall. 
The three other arches are open. 

(a) By our knowledge of the distances we find in 
the ordinary way the point Op shadow of the centre O 
on the plane of the face of the arch, and 0„ shadow 
of the same centre on the plane of the wall. From 
these points as centres, with the radius Ob, describe 
the two arcs 1-2 and S-4. 

(b) We have in K,a,h,l the known shadow of the 

arch that is in section (§ 7, Fig. 23). Kg. 7a 

(c) In vK we have the bridge shadow (§ 25 and § 26). 

(d) From W construct the bowl shadow ; verify by Uie point 4, which is common to the ellipse and to 
the arc 3-4. 
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VARIOUS APPLICATIONS. 



§ 37. Doric Capital. (Fig. 71.) 

(a) Shadow of the cyma oq the abacus. No difficulty. (See § 8 and § 9.) 

(b) Echinus. This is a portion of a torus whose section is not an arc of a circle. The profile is a free- 
hand curve. 

First. Find the shade on the echinus as follows : F, 45° point of the equator ; B, on the left contour 
(45° tangency) and B' on the axis line at the same level with B ; C, lowest point, found by use of the line at 
angle ^. 

Second. Oval curve of the torus (see § 24). The useful part of this auxiliary shadow passes through 
the points F (tangent vertical), B, (tangent at 45°), ip (tangent horizontal) ; we shall call this curve the oval 

curve of the echinus. 

(c) Shadow of the abacus on the echinus. The edge of the abacus AA casts shadow on the auxiliary 
oblique plane in a 45° line, AI. The shadow of AA on the echinus is no more than a section of the 
echinus by a plane passiug through AA, the plane being inclined at 45° and parallel with the ground 
line. 

If this plane were to turn upon the axis of the capital through 90° it would become perpendicular to 
the vertical plane of projection and would there be represented in profile by the line AI. This would be the 
plane of shade cast by the edge shown in profile at A. 

Now the shadow MgB is the profile projection of the shadow M'pB' and M' may be located on the axis 
in a horizontal from M. 

In order to find the other points use the method of oblique projections as follows : The two points of loss 
P' and p are found from the intersections of the auxiliary shadows of the echinus and of the abacus in P'3 
and P3. Tangents at p and P' are at 45°. 

Remark. — By reason of the symmetry of the section through M' the point p", opposite P', will be at the 
same distance from the axis as P\ 

As g is the profile projection of p the two points must be in the same horizontal. 

(d) Shadow of the abacus on the necking and on the fillet. From a point I as centre, first with a radius 
equal to that of the necking, draw an arc of a circle, Agg, ; this is the shadow of the line A A ; then take a 
radius equal to that of the fillet, and with the same centre, I, describe another arc, gjPg, the shadow of AA 
on the fillet. This arc is limited by Pj, shadow of the point p, and by gi, the point that casts shadow 
ing,. 

1st. Shadow on the fillet, p^, already found, is one point. The limiting point h' is found by drawing 
khj, the auxiliary shadow of the fillet, on the oblique plane. (This is a circle passing through k, the 45° 
point of the edge of the fillet.) Take its intersection h, with the oval curve of the echinus and locate h' by 
a 45° line. 

2d. On the necking. Find first, as shown above, g^j^, shadow of the fillet on the necking (;r is the 
point of loss). This curve is of use only between \ and g, and near the left contour. 

At the point h' the shadow of the echinus drops from the edge of the fillet and follows the curve \v. 
«ris the point of loss, and is at the point where the ovnl curve crosses the shade line of the necking. The 
tangent there is at 45°, which enables us to draw the curve hgo-. 

(e) Shadow on the astragal. Find in « 6^ the oval curve of the astragal. (We may here, without 
sensible error^ substitute for the true oval curve the arc of a circle with centre at u ; see § 24.) Take its 
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intersection with the oval curve of tlie echinus at 0„ and from it derive ê', the point of loss of the astragal ; 
this enables us to draw the shadow of the echinus on the astragal in o-j^' ; at ^ Ihu tangent is at 45°. 
The remainder of the construction is easily understood. 



Fig. 71. 
(f) Shadows in the flutes. A plan of the shaft is necessary, as at nSl. Notice that the line 2'/ is 
nothing else than the shadow of ly, (tangent to the head of the flute at 1') on the plane 2y, which is tan- 
gent to the hollow surface of the flute. It follows that, as IV' û tangent to the line which casts the shadow, 
2'/ will be tangent to the line of shadow. 
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§ 38, Shadows op a Doric Column Enqaqkd im a Wall. (Fig. 72.) 

Suppose the columu engaged i of its diameter ; then the axis is distant ^ E from the walL 
First. Shadows on the capital. See the preceding paragraph. 

Second. Shadows on the wall, (a) The shade on the shaft of the column is distant x (= .7 R) from 
the axis line and its shadow is distant x 4- d from the line of shade. 

(h) A is a distance AO + d from the wall, and Ai is easily found in a vertical at a distance AO + d to the 

right of A. 

(c) The astragal gives a 
shadow g^m^Sit,, found as 
follows : The point farthest 
to the right, m,, is the shadow 
of m, the point where the 
shade crosses the equator ; tj 
is shadow of t; g, and S, are 
derived from the points of 
loss g and S. 

(d) The echinus casts 
a shadow whose point of 
change is p^, shadow of the 
point of loss p. The point 
farthest to the right is ii„ 
shadow of n ; n is on the 
diagonal of the abacus, and 
hence u, is on a diagonal of 
the shadow, drawn from A, 

„. at an inclination of }. The 

actual shadow is only the 
portion between p, and g,, the latter being derived from the point of loss on the astragal, m, and d, may be 
found perhaps more easily by considering their actual distance from the wall. 

§ 39. Shadows of a Pediment. (Fig. 73.) 

(a) Description. The moldings of a pediment are drawn by taking the horizontal moldings of the 
cornice and inclining them to the slope of the pediment. The crown molding is used only on the slopes of 
the pediment. 

The projections from the wall of the several parts of the cornice are taken from the right section on a 
strip ZZ ; place this strip horizontally at any convenient place above the pediment (as at Z'Z') and by means 
of it find the line in which a vertical plane which is parallel with the rays of light will intersect the 
pediment. It will be readily seen by referring to a plan that in this section the points A,B, etc., will appear, 
in the elevation, to be the same distance from the line Z'b as they are from the wall ; hence in drawing this 
section the actual projections of the parts from the wall may be used. 

A ray of light passing through A is in the plane of section, and the shadow of A is a, at 45° on the line in 
which the plane cuts the moldings. In the same way B casts shadow at b. 

The plane of shade cast by the line BD cuts the wall in bb' ; the line iu which this plane of shade cuts 
the moldings is found as follows : Imagine a plane which is parallel with the wall and in contnct with the 
outer edge of theovolo. Then the point e' should he in the line in which this latter plane is cut by the plane 
of shade; e", on Bb and in a vertical with e, is one point of this line, and it enables us to locate e'. The 
other points between e' and b' are found in the same way. Now a ray of light through D lies in the plane 
of shade cast by BD, and the shadow of D is d', at 45° on the line in which the plane of shade cuts the 
moldings ; this determines the position of the shadow cast by DD. The dentil course and the cyma-reversa 
cast similar shadows. 
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The shadow of the crown molding is cast by exactly the same process. The line in which the plane 
of shade from AC cuts the crown molding of the right aide, Cm', may be accurately constructed by points 
just aa the curve at A may be constructed from the right section. Choose any point m, on the right section ; 
project to the strip ZZ at m, ; m is thus easily lo(;ated in the oblique section, m' is found in exactly the 



Fig. 73. 

lame way iu which e' was found, mm"m' being the line in which the molding is cut by the plane parallel 
with wall. 

The remainder of the construction is evident 

It may sometimes be convenient to find the shadows on the right side of the pediment independently of 
those on the left side. The same principle applies as indicated at Z"Z".' 

S 40. Shadows on the Attic Base. (Fig. 74.) 

I. To find the shades. 1st ab is the shade on the shaft ; b^ (dotted line) is the shade on the congé, ^ is 
the point where a 45° line is tangent to the contour of the cong6. This is a theoretical shade line in the 
greater part of its length ; c is the shade on 611et No. 1. 

2d. K'kg' is the shade of the small torus (§ 18). 

3d. e is the shade on fillet No. 2, and q is the shade on fillet No. 3. 

4th. rSi is the shade of the large torus. 

II. The shadows. 

(A) Auxiliary shadows cast on the 45° oblique plane by the lines which cast or receive shadows. 
1st As the fillets and the shaft are cylinders their lines of shade lie in the oblique plane. 

2d. The circles of the fillets give for their auxiliary shadows other circles passing through their 45° 
points, thus : (a) the circle of fillet No. 1 gives the arc cf, ; (b) the circle No. 2 gives the arc eoc , ; (c) the 
circle No. 3 gives arc qP,. 

3d. The torus gives the oval curve ^ihy, found as indicated in § 23 ; the lai^e torus gives the oval curve 
rSW, of which we draw only the upper part. 

(B) Actual shadows. The intersections of the auxiliary shadows enable us to determine points of the 
real shadows. Thus : 

The auxiliary circle cf, crosses at f, the shade of the shaft The ray of light f/ ' gives in f ' the limiting 

'Thia treatment of the pediment shadow is chiefly derived from Elementary Skoda and Shadom, by Mr. Lawnnce, of tlw 
lastitule of Teohnology, and Ib sabstituted (or the method given by U, Fillet on Mcotmt of ita greater simplicity. 
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point of the shadow of the shaft ou the congé ; the shadow then falls from f to f " on the small torus, t' is 
the point of loss of the shadow of the ûllet on the torus. 

The oval curve li^ of the small torus crosses the shade of the shaft at g,. The ray of light g,g' gives 
in g' the point of loss of the shadow of the shaft on the small torus (tangent 45°). 

Likewise the auxiliary shadow qP, of the Qllet No. 8 crosses the oval curve ip^iip of the small torus at 
P,; and the ray of light PjP, gives in P, the limiting point of the shadow of the small torus on the circle 
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of fillet Ko. 3. The shadow then falls from P, to P, on the large torus. 

The oval curves tp^if and WSr intersect in S ; hence the ray of light SS, gives in S, the point of loss 
of the shadow of the small torus on the shade of the large torus, v is the point of loss of the shadow of the 
small torus on the cylinder of which fillet No. 2 is a part, etc. 



§ 41. The CÎorinthian Capital. (Fig. 75.) 

There is no truly simple way of finding the shadows of the Corinthian capital, because of the leaves 
that ornament the hell; hut it is possible, by considering only the "bells" wliich enclose the leaves, to 
determine the chief masses of the shadows; the details may then be filled from the imagination. 

First. Shadow of the abacas on itself. We can if necessary treat the shadow of the (ibacus as the 
shadow of a " re-entrant fillet," but it is preferable to make use of the plan. Points of the sliadow may be 
found as indicated at 55', casting shadow at 5,5,'. 

Second. Shadow of the abacus on the bell. The point AA', which is in the 45° meridian of symmetry, 
gives a shadow A'j, found by the use of the angle <p revolved into the vertical plane and back again (as at 
A,A,'.) 

In order to find the limiting points « ', and fi\ on the circle 4, which forms the edge of the bell, use the 
method of oblique projections, applied by taking as the auxiliary plane of shadows the horizontal plane of 
the curve « ' p'. Thus the circle 4, which forms the edge of the bell, is cast back along 45° rays upon 
the lower plane of the abacus-; the operation is shown in the plan. Cast from O backward at 45° to 0, ; with 
O, as centre describe a circle equal to the circle 4 ; this cuts the lower edge of the abacus in oc and ^ ; 



(JONVBNTIONAL SHADES AND SHADOWS. 



35 



transfer oc and /? to oc^ and fi! on the elevation and thence deduce, by 45^ lines, the desired points oc \ 
and fly. 

Third. Shadows of the bells enclosing the leaves. These shadows are entirely analogous to the shadow 
of the astragal (§ 23). 

These masses of shadow, once found, we can, by drawing the leaves in their enclosing bells, fix upon 
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such points as Q^Mj, or Pj of the shadows of the leaves ; the remainder is completed from the imagination ; 
but in order to be successful in this it is quite necessary to have drawn and shaded several capitals of this 
kind from nature lighted from a direction approaching as near as possible to that of the empirical 
ray. 
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Second. Profile shadow at e'd' on the arch. In order to locate d' find, as in § 27, the shadow V,dF, of 
the arch on the cylinder, and the point of change d; pass back to d', and we fiud tiioie one end of the 
interrupted portion of the shadow. The other end, e', is derived from e, where the shadow of BB' crosses the 
niche shadow. The remainder of the shadow, BiC,D,, has already been given in § 27. 

§ 35. The Same Vaults Reversed. (Fig. 69.) 

FiBST. Find the shadow on the arch in the ordinary way (bridge shadow). 

Second. In WZ we have the ellipse of the bowl shadow ; the minor axis OZ is J the major axis OW. 
It is of use only as far as A,, shadow of A. 

Third. The vertical Ime ACDB gives for its shadow in the sphere an ellipse AW'B, which is nothing 
else than a section of the sphere by a vertical plane at 45° passing 
through the centre. Hence we conclude that W is vertically 
below W. 

A„ already found, must also be on this ellipse. The ellipse 
is used outy between A, and C,, shadow of the pomt C, and between 
B and D„ shadow of the point D. 

Fourth. The horizontal line EC, of indefinite length, will 
cast as shadow an ellipse, m JC^S', which is the projection of the 
circle in which the plane of shade from this line cuta the sphere. 
This plane of shade is parallel with the ground Une and is at 45° 
with both planes of projection. 

It is easily demonstrated (a) that this ellipse is tangent to the 
profile of the sphere at x , where the line EC continued meets the 
profile ; (b) that, if we draw the line C3 at 45°, the point 3, trans- 
ferred to â' on CD, gives iu S3' the semi-minor axis of the ellipse; 
(c) that, if we drop a perpendicular 01 upon C3, the major axis is 
SU, and farther, SJ equals 15'; (d) This ellipse must pass through 
the point C„ already found. 

Of this ellipse only the portion CjE, is used. 
Pig gg_ Fifth. Shadow of the arch on the sphere. The point Vj, 

farthest to the left, is found by means of the ray ^. 
The shadow of the profile circle DC passes through the following points : D„ already found (tangent at 
45°) ; V„ already found (tangent vertical) ; and C„ already found (tangent at 45°). It is well to have an 
intermediate point, as at N„ shadow of the 45° point of the circle, thus : 

Find the shadow cast on the sphere by the horizontal MN. This will be, as in the case of EC, an 
ellipse which is the projection of a circle parallel with the ground line and inclined at 45°. The point «' 
on the line MN produced, and in a vertical with cc , already found, is a point of this ellipse ; for it is the 
point where the line MN pierces the sphere.* Not' will be the semi-major axis of the desired ellipse, and, as 
it must be similar to the ellipse J3, already found, we may draw oc'K parallel with J3' and we shall have in 
K the extremity of the minor axis. 

Or oc'K (also J^') is inclined at the angle f (easily demonstrated). This ellipse once drawn, we may 
find in Ml and N, the shadows of M and N ; and the shadows cast by the two circles EM and CN are tan- 
gent to this auxiliary ellipse. 

Note that the point of change, S„ is at 45° from the limiting point S. 

>CoDBider the circle AWB aa the profile eectioD of the Bphere, revolved parallel to the vertical plane, and CiJtIw plane of Bhade 
from EC<x in profile. Then the major axis of the ellipse will be found where a great circle of the sphere will croae the plane of 
shade at right angles. The only great circle that croesee the plane of shade {Cà) nt right angles is OIW. The line in which the 
plane of shade cute the sphere is in reality a circle, and li is half the breadth of this circle. Hence 8J most be made equal to U. 

* To make this clearer we suggest that if the circle CD be displaced horizontally and pamllel to itself until C takes the position 
0^', the Giicle CD thus displaced will be eatiiely in tlie surface of tbe sphere. 
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§ 36. Shadow of a Sphskical Dome Supported by Pendentives and Arches. (Fig. 70.) 

First. Construction of the vault. Imagiue a hemisphere whose equator passes through the four 
comers of a horizontal square. Cut this sphere b; four vertical planes passing through these four comers ; 
they intersect the sphere in four circles. Â short dis- 
tance below these circles suppose the vertical planes 

cut by four horizontal cylindera; the cylinders are 
barrel vaults, which the sphere serves to join. 

The spherical triangles which come to a point at 
the comers on the equator of the sphere are called 
pendentives, and through these the weight of the vault 
is transmitted to the supports. Over the pendentives 
is the cupola Wb. 

Second. Shadows of the section. Suppose that 
the arch facing us is filled to half its depth by a wall. 
The three other arches are open. 

(a) By our knowledge of the distances we find in 
the ordinary way the point 0„ shadow of the centre O 
oil the plane of the face of the arch, and O^ shadow 
of the same centre on the plane of the wall. From 
these points as centres, with the radius Ob, describe 
the two arcs 1-2 and 3-4. 

(b) We have in K,a,b,l the known shadow of the 

arch that is in section (§ 7, Fig. 23). Fig, 70. 

(c) In vK we have the bridge shadow (§ 25 and § 26). 

(d) From W construct the bowl shadow ; verify by the point 4, which is common to the ellipse and to 
the arc 3-4. 



CHAPTER VIII. 



VARIOUS APPLICATIONS. 



§ 37. Doric Capital. (Fig. 71.) 

(a) Shadow of the cyma oa the abacus. No difficulty. (See § 8 and § 9.) 

(b) Echinus. This is a portion of a torus whose section is not du arc of a circle. The profile is a free- 
hand curve. 

First. Find the shade on the echinus as follows : F, 45° point of the equator ; B, on the left contour 
(45*^ tangency) and B' on the axis line at the same level with B ; C, lowest point, found by use of the line at 
angle ip. 

Second. Oval curve of the torus (see § 24). The useful part of this auxiliary shadow passes through 
the points F (tangent vertical), B^ (tangent at 45°), ip (tangent horizontal) ; we shall call this cui-ve the oval 

curve of the echinus. 

(c) Shadow of the abacus on the echinus. The edge of the abacus AA casts shadow on the auxiliary 
oblique plane in a 45° line, AI. The shadow of AA on the echinus is no more than a section of the 
echinus by a plane passing through AA, the plane being inclined at 45° and parallel with the ground 
line. 

If this plane wore to turn upon the axis of the capital through 90° it would become perpendicular to 
the vertical plane of projection and would there be represented in profile by the line AI. This would be the 
plane of shade cast by the edge shown in profile at A. 

Now the shadow MgB is the profile projection of the shadow M'pB' and M' may be located on the axis 
in a horizontal from M. 

In order to find the other points use the method of oblique projections as follows : The two points of loss 
P' and p are found from the intersections of the auxiliary shadows of the echinus and of the abacus in P'3 
and P,. Tangents at p and P' are at 45°. 

Remark. — By reason of the symmetry of the section through M' the point p", opposite P', will be at the 
same distance from the axis as P'. 

As g is the profile projection of p the two points must be in the same horizontal. 

(d) Shadow of the abacus on the necking and on the fillet. From a point I as centre, first with a radius 
equal to that of the necking, draw an arc of a circle, Ajg^; this is the shadow of the line AA; then take a 
radius equal to that of the fillet, and with the same centre, I, describe another arc, g^pj, the shadow of AA 
on the fillet. This arc is limited by p„ shadow of the point p, and by gi, the point that casts shadow 

ingr 

1st. Shadow on the fillet, p,, already found, is one point. The limiting point h' is found by drawing 
khy the auxiliary shadow of the fillet, on the oblique plane. (This is a circle passing through k, the 45° 
point of the edge of the fillet.) Take its intersection h, with the oval curve of the echinus and locate h' by 
a 45° line. 

2d. On the necking. Find firat, as shown above, g^^^ shadow of the fillet on the necking {k is the 
point of loss). This curve is of use only between h^ and gj and near the left contour. 

At the point h' the shadow of the echinus drops from the edge of the fillet and follows the curve h^o-. 
XT is the point of loss, and is at the point where the ovnl curve crosses the shade line of the necking. The 
tangent there is at 45°, which enables us to draw the curve h 
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o». 



(e) Shadow on the astragal. Find in « B^ the oval curve of the astragal. (We may here, without 
sensible error^ substitute for the true oval curve the arc of a circle with centre at £j ; see § 24.) Take its 
30 
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intersection with the oval curve of the echinus at 0„ and from it derive S', the point of loss of the astragal ; 
this enables ua to draw the shadow of the echinus ou llie astnigal in o-,^ ; at ^ the tangent is at 45°, 
The remainder of the construction is easily understood. 



(f) Shadows in the flutes. A plan of the shaft is necessary, as at n31. Notice that the line 2'/ is 
noUiing else than the shadow of l'y', (tangent to the head of the flute at 1') on the plane 2y, which is tan- 
gent to the hollow surface of the flute. It follows that, as 1^' is tangent to the line which casts the shadow, 
2y will be tangent to the line of shadow. 
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§ 38. Shadows of a Doric Colithn Emqaoed in a Wall. (Fig. 72.) 

Suppose the colutnu engaged } of its diameter ; then the axis is distant i R from the wall. 
First. Sliadows on the capital. See the preceding paragraph. 

Second. Shadows on the wall, (a) The shade ou the shaft of the column is distant x (= .7 R) from 
the axis line and its shadow is distant x -|- d from the line of shade. 

(h) A is a distance AO -j- d from the wall, and A, is easily found in a vertical at a distance AO -|- d to the 

right of A. 

(c) The astragal gives a 
shadow g,miS,t„ found as 
follows ; The point farthest 
to the right, m„ is the shadow 
of m, the point where the 
shade crosses the equator; tj 
is shadow of t; g, and S, are 
derived from the points of 
loss g and 8. 

(d) The echinus casts 
a shadow whose point of 
change is Pi, shadow of the 
point of loss p. The point 
farthest to the right is ii„ 
shadow of n ; n is on the 
diagonal of the abacus, and 
hence n, is on a diagonal of 

; the shadow, drawn from A, 

at an inclination of J. The 

actual shadow is only the 

portion between p, and g^ the latter being derived from the point of loss on the astragal, m, and Dj may be 

found perhaps more easily by considering their actual distance from the wall. 

§ 39. Shadows op a Pediment. (Fig. 73.) 

(a) Description. The moldings of a pediment are drawn by taking the horizontal moldings of the 
cornice and inclining them to the slope of the pediment. The crown molding is used only on the slopes of 
the pediment. 

The projections from the wall of the several parts of the cornice are taken from the right section on a 
strip ZZ ; place this strip tiorizontally at any convenient place above the pediment (as at Z'Z') and by means 
of it find the line in which a vertical plane which is parallel with the rays of light will intersect the 
pediment. It will be readily seen by referring to a plan that in this section the points A,B| etc.» will appear, 
in the elevation, to be the same distance from the line Z'b as they are from the wall ; hence in drawing this 
section the actual projections of the parts from the wall may be used. 

A ray of light passing through A is in the plane of section, and the shadow of A is a, at 45° on the line in 
which the plane cuts the moldings. In the same way B casts shadow at b. 

Tlie plane of shade cast by the line BD cuts the wall in bb' ; the line in which this plane of shade cuts 
the moldings is found as follows : Imagine a plane which is parallel with the wall and in contact with the 
outer edge of theovolo. Then the point e' should be in the line in which this latter plane is cut by the plane 
of shade ; e", on Bb and in a vertical with e, is one point of this line, and it enables us to locate e'. The 
other points between e' and b' are found in the same way. Now a ray of light through D lies in the piano 
of shade cast by BD, and the shadow of D is d', at 45° on the line in which the plane of shade cuts the 
moldings ; this determines the position of the shadow cast by DD. The dentil course and the cyma-reversa 
cast similar shadows. 
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The shadow of the crown molding is cast by exactly the same process. The line in which the plane 
of shade from AC cuts the crown molding of the right side, Cm', may be accurately constructed by points 
just aa the curve at A may be constructed from the right section. Choose any point mion the right section ; 
project to the strip ZZ at m, ; m is thus easily lo<;nted in the oblique section, m' is found in exactly the 
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■ame way iu which e' was found, mm"m' being the line in which the molding is cut by the plane parallel 
with wall. 

The remainder of the construction is evident 

It may sometimes be convenient to find the shadows on the right side of the pediment independently of 
those on the left side. The same principle applies as indicated at Z"Z".' 

§ 40. Shadows on the Amo Bask. (Fig. 74.) 

I. To find the shades. 1st. ah is the shade on the shaft ; hP (dotted line) is the shade on the congé, A is 
the point where a 46° line is taugent to the contour of the C0Dg6. This is a theoretical shade line in tho 
greater part of its length ; c is the shade on fillet No. 1. 

2d. K'kg' is the shade of the small torus (§ 18). 

3d. e is the shade on fillet No. 2, and q is the shade on fillet No. 3. 

4th. rS, is the shade of the laige torus. 

II, The shadows. 

(A) Auxiliary shadows cost on the 45° oblique plane by the lines which cast or receive shadows. 
1st. As the fillets and the shaft are cylinders their lines of shade lie in the oblique plane. 

2d. The circles of the fillets give for their auxiliary shadows other circles passing through their 46° 
points, thus : (a) the circle of fillet No. 1 gives the arc cf, ; (b) the circle No. 2 gives the arc ex , ; (c) the 
circle No. 3 gives arc qP,. 

3d. The torus gives the oval curve {i>|h^, found as indicated in § 23 ; the large torus gives the oval curve 
rSW, of which we draw only the upper part, 

(B) Actual shadows. The intersections of the auxiliary shadows enable us to determine points of the 
real shadows. Thus : 

The auxiliary circle cf, crosses at fj the shade of the shaft. The ray of light fjf ' gives in f ' the limiting 

'This treatment of the pediment shadow is chiefly derived from Elementary Shada and Shadom, hy Mr. Lftwience, of tit» 
Institate of Teohnologr, and is sabstituted for the method given b; 11. Itllet on ocooont of its greater eimplicit]'. 
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point of the shadow of the shaft on the congé ; the shadow then falls from f ' to Î" on the small torus, t' is 
the point of loss of the shadow of the fillet on the torus. 

The oval curve Iiy of the small torus crosses the shade of the shaft at gj. The ray of light gjg' gives 
in g' the point of loss of the shadow of the shaft on the small torus (tangent 45°). 

Likewise the auxiliary shadow qP^ of the fillet No. 3 crosses the oval curve y^hy) of the small torus at 
P,; and the ray of Ught PjP, gives in P, the Umiting point of the shadow of the small torus on the circle 
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of fillet No. 3. The shadow then falls from Pj to P[ on the large torus. 

The oval curves p,h^p and WSr intersect in S ; hence the ray of light SS, gives in S, the point of lose 
of the shadow of the small torus on the shade of the large torus, v is the point of loss of the shadow of the 
small torus on the cylinder of which fillet No. 2 is a partj etc. 



§ 41. The Corinthian Capital. (Fig. 76.) 

There is no truly simple way of finding the shadows of the Corinthian capital, because of the leaves 
tliat ornament the bell; but it is possible, by considering only the "bells" wliich enclose tlie leaves, to 
determine the chief masses of the shadows; the details may then be filled from the imagination. 

First. Shadow of the abacus on itself. We can if necessary treat the shadow of the abacus as the 
shadow of a " re-entrant fillet," but it is preferable to make use of the plan. Points of the shadow may be 
found as indicated at 55', casting shadow at 5,5/. 

Second. Shadow of the abacus on the bell. The point AA', which is in the 45" meridian of symmetiy, 
gives a shadow A'j, found by the use of the angle y revolved into the vertical plane and back again (as at 
A,A/.) 

In order to find the limiting points « ', and ?\ on the circle 4, which forms the edge of the bell, use the 
method of oblique projections, applied by taking as the auxiliary plane of shadows the horizontal plane of 
the curve oc ' p'. Thus the circle 4, which forms the edge of the bell, is cast back along 45° rays upon 
the lower plane of the abacus-; the operation is shown in the plan. Cast from backward at 45° to O, ; with 
O, as centre describe a ciide equal to the circle 4; this cuts the lower edge of the abacus in ocand^; 
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transfer oc and pto <c' and p' on the elevation and thence deduce, by 45° lines, the desired points oc \ 
and p\. 

Third. Shadows of the bells enclosing the leaves. These shadows are entirely analogous to the shadow 
of the astragal (§ 23). 

These masses of shadow once found, we can, by drawing the leaves in their enclosing bells, fix upon 
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such points as Qi,Mi, or Pj of the shadows of the leaves ; the remainder is completed from the imagination ; 
bub in order to be successful in this it is quite necessary to have drawn and shaded several capitals of this 
kind from nature lighted from a direction approaching as near as possible to that of the empirical 
ray. 
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§ 42. Shadows of a Gbbbk Ionic Capital — Dbawikq the Capital. (Fig. 76.) 

A Greek Ionic capital, similar to that of the Erechtheium at Athens, is iu reality composed of two 
parts, viz. : 

First. A necking and an echinus, as in the Doric capital. 

Second, â cushion, replacing the abacus of the Doric order ; this cushion, consisting of the abacus and 
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the volutes, fits very closely upon the echinus owing to the two spreading projections which constitute the 
volutes. 

Separating the two parts is a small half-round in the form of a torus, analogous to the straw cushions 
used by stone carrière to prevent the shurp edges of the stones from crushing. In reality, this half-round is 
of the same body with the cushion and is cut out of the same stone. 

Without entering into details, we give the following suggestions for drawing this capital : 

1st. The height ZD equals the altitude of an equilateral triangle constructed on the diameter of the 
shaft. 

2d. The moldings above and below the echinus are constructed on lines at 60°. (See dotted profile at 
the right.) 

3d. The total height of the capital is divided into eleven equal parts, and the height of the volute is 
nine of these parts. 

4th. The centre of the eye divides the total height of the volute in the proportion of 2 to 3. 

5th. By the use of horizontal and vertical tangents the volutes may be drawn freehand without the use 
of the compasses. 

6th. The volutes project in front of the face of the column a distance e (see plan) equal to ^ the height 
of the volutes, or equal to the height of the abacus. 

§ 43. Construction op the Shadows. 

(A) Shadow of the volute on the shaft. For the present consider the cylindrical surface of the shaft 
alone, ignoring the flutes and the echinus. The shadow on the bare shaft is the curve fjCibjai, found as 
follows : 1st. The horizontal tangent g'b' casts shadow in the circle g\h\, whose centre is I (found as described 
in § 19), since the distance e (see plan) of the face of the volute in front of the face of the column gives the 
point D of the circumference. 

2d. The points g'f'b' and c', projected at 45° upon this circle, permit of locating the shadows of the most 
important points of the volute, viz. : shadow of f in f^ (tangent at 45°, f being the 45° point of tangency on 
the contour, § 3) ; of d in d^ (the circle and the curve of shadow have there the same tangent) ; of c in c^ ; 
of b in bi (tangent vertical) ; and of a in a^ (tangent at 45°, § 3). AVe shall retain this curve, though it is 
only the shadow on the surface of the column, and break it over the other surfaces of the capital after having 
found their shades and shadows. 

(B) Shadows of the surfaces of revolution. There is nothing new to be said regarding these. 
1st. Determine the shades ^n all the tori and on the shaft. 

2d. Draw the oval curves of the different tori, viz. : Vt,, oval curve of the half-round ; V't^q, oval curve 
of the echinus; V'Sg, oval curve of the round below the echinus ; in this last case the arc of a circle may be 
substituted for the oval curve, as already described. 

3d. By means of these, passing back along rays of light, we find at t, and at S the points of loss (tan- 
gents at 45°). 

4th. Then break the shadow of the volute over the moldings, always taking care to plaça a limiting 
point (such as 1' on the astragal), or a point of loss (such as to), on the same 45° line with the corresponding 
point of change. 

This interruption to tlie line of shadow is drawn by the imagination. 

(C) Shadows on the flutes. 1st. The middle flute A gives the niche shadow treated above. The point 
of departure n is at the 45° tangency, and the point of junction, l',is found on the shadow cast by the left 
edge of the flute. 

The shadows in the other flutes are found as follows : 

2d. By the plan we may find in 1", 1", etc., tlie shadows cast by the left edges on the backs of the flutes ; 
these give in the elevation all the joints of junction, 1', 1', 1', etc. 

3d. The points of departure 5,5,m, are not found as easily as the point n of the central flute. But we can 
easily find four of these points, viz. : 

(a) In the flute WW, at 45° facing the light, the point of origin of the shadow is k, which is the 
springing of the ellipse; for if the sphere, of which the head of the flute is a part, be circumscribed by a 
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cylinder in whose surface the circle of the head of the flute is found, this cylinder will be horizontal and at 
45^, or parallel in plan to the horizontal projection of the ray of light, and its shade will pass through the 
springing points k,k. 

(b) In the flute at the right, symmetrical with W, the analogous cylinder would be perpendicular, in 
plan, to the ray of light, and its shade will be found by drawing a tangent at the angle if to the circle which 
forms the head of the flute, or, what is the same thing, a 45^ tangent to the ellipse m, which is the vertical 
projection of that circle. 

(c) In the middle flute the point n is the 45^ point of tangency (niche shadow). 

(d) The outline of B, the last flute on the right, has the same orientation with reference to the light as 
that of C on the left ; the flutes A and C, owing to their symmetrical position with reference to the light, 
have the same shadow ; hence we may conclude that the theoretical point n' at the left will be on the same 
level with n of the middle flute. This gives four points of departure, k,n,m,n'. Join these by a con- 
tinuous curve ; this curve gives, at its intersections with the other ellipses, the other points of departure. 

The remainder of the drawing is easily finished. 

(D) Notes. — In order to avoid confusion on the drawing we have not shown the shadows cast by the 
spirals of the volute into the channels which separate the spirals. In order to draw this shadow we shall 
suppose, in our first approximation, that these channels are all in one plane, which reduces the problem 
to this : The shadow of a plane figure on a plane parallel with it. The shadow will be exactly the 
same as the figure itself. Displace the volute at 45° to the right and downward, and produce the shadow. 
Afterward, by the use of the imagination, for geometr}' does not serve here, we may increase or decrease 
the depth of this preliminary shadow according as the real depth of the channel is greater or less than that 
considered provisionally in the first place. 

§ 44. Shadows of a Baluster. (Fig. 77.) 

(Problem given at the Ecole des Beaux Arts, March 6th, 1886 ; to be done en loge, on a half double 
elephant sheet.) 

Statement. — The drawing herewith gives, half size, the approximate profile of the baluster. The swell 
aa,bb is exactly spherical. The remainder of the profile is drawn freehand so as to avoid angles in the line 
of shade. 

It is required: 1st. To determine the shades and shadow's on the baluster itself; 2d. To draw the 
shadows on a roof parallel witli the ground line and inclined to the horizontal plane at tlie angle oc , which 
shall be an angle between 50° and 60°. The point Z is where the axis of the baluster, if prolonged, would 
pierce the roof. 

Solution of the problem : 

I. Shadows on the baluster, (a) Echinus. Find the shade of the echinus as in the case of the torus 
(§ 18) and of the Doric capital (§ 37). A 45° tangent gives at m the point on the contour, t, on the axis, is 
in the same horizontal with m. The point f on the equator is found by the two 45° lines C^f ' and Ef' and 
the arc of a circle. 

(b) Shadow of the abacus on the echinus. Find, 1st, the oval curve of the echinus in f P'g'S' ; 2d, in 
BA' (at 45°) the auxiliary shadow of the edge of the abacus on the 45° oblique plane. The points P' and 
Q', where these two lines cross, give, by passing back at 45°, the two points of loss p and q. 

For the remainder of the shadows of the echinus we may refer to the shadows of the Doric 
capital (§ 37). 

(c) Shade on the swell. This is the shade of a sphere. Find in I'J the oval curve of the sphere, and in 
8v'10 the auxiliary shadow of the base of fillet No. 1. 

From v', which is the intersection of these two lines, by passing back at 45°, derive the point of loss on 
the shadow of the sphere on fillet No. 1. 

(d) Scotia. (See § 40.) 

II. Shadow on the roof, (a) The axis. By drawing from Z, foot of the axis on the roof, a line inclined 
at the an^le oc (tlie angle of the roof) we have in ZE'3 the shadow cast by the axis. 

(b) The abacus. It will be remembered (see § 11) that such corners of horizontal squares as are located 
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in the 45^" plane of symmetry cast shadows which coiacide with the shadow of the axis (as in 'E'fi'Ji^b'", 
etc.) ; this enables us to find, by lines at 45°, the parallelograms of shadow cast by these squares. 

Draw the diagonal EjD', of one of those parallelograms ; let d represent its direction ; this gives the 
shadow of the diagonal of the square ; all these diagonals, being in the 45° oblique plane and facing the 
light, will cast the shadows of their extremities at equal distances on each side of the shadow of the axis; 
hence, having found such points of shadow as Pjg'jtjS^ etc., located at one side of the shadow of the axis, we 
shall be able to locate other corresponding points at equal distances on the other side of the shadow of the axis. 

In short, the shadow of the axis is bisectrix of all the parallels of the direction 8. 

(c) The echinus. The lowest point S of the separatrix casts shadow in S, on the shadow of tlie axis 
(tangent to 3). The points of loss p and q cast shadows in P, and Q, on the shadow of the abacus A,B^ 
Tho point m on the contour casts shadow in m, (tangent at 45°) and t in t^ (tangent horizontal). 

This gives seven points of the shadow of the echinus, and is sufBcient for drawing the curve. 

By cnsLiog from g*, the point of loss, to g'j, we find a point of the shadow of the body of the baluster. 

(d) The sphere. Find the shadows cast by the two conjugate diameters JJ' (points on the equator) and 
IL (highest and lowest points) of the separatrix, and we find in J^', and \h^ two conjugate diameters of the 
ellipse of shadow; by the aid of these we draw a circumscribed parallelogram. This is done as follows: 
1st. The points 1 and L, being in the 45° plane of symmetry, cast shadows on tlie shadow of the oxis ; 2d, 
The points J and J', being 45° points on the equator, cast shadow in J, and J', on the parallel of direction d 
drawn through the shadow of the centre of the sphere O,. 

Tlie remainder of the construction is easily understood. 

problems foe solution. 
§ 45, Spheres — Pyramids. 

(Exercises given at the École des Ponts et Chaussées, Preparatorj' Course.) 

It is required to determine the shades and shadows of the geometric figure here shown, the ray of hgbt 
Loiug the empirical ray at 45°. 

I. Sphere intersected by three cylinders. (Fig. 78.) 

A sphere has six equal cylindrical tenons at right angles with one another. The tenon which is entirely 
hidden in the elevation is afifixed, by its base, to a vertical plane. 

Determine — Ist. The shades on the sphere and on the cylinders; 2d. The shadows of the whole body 
on the vertical plane ; 3d. The shadows of the tenons on tho s])here and of the sphere on the tenons. 
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n. A double hollow pyramid, in section. (Fig. 79.) 

This double pyramid is represented in section. The common base is half a regular octagon, as shown. 
The figure stands a short distance in front of a vertical plane. 

It is required : 1st. To determine the shadow on the vertical plane; 2d. To draw the shadow in the 
interior of the double pyramid. 

III. A sphere and cylinder casting shadow on a roof of 30° pitch and parallel with the ground line. (Fig. 80.) 

A cylinder of revolution supports a sphere of the same radius. 

(a) Choose a point where the axis pierces the roof and find the curve in which the cylinder intersects the roof. 

(b) Find shade on sphere and cylinder. 

(c) Cast shadows on roof. 



§ 46. A Shokt Column with Cap of Byzantine Form. (Fig. 81.) 

(Problem given at the École des Beaux Arts, to be done en loge; time for examination, 7 hours ; half 
double elephant sheet.) 

Statement. — The drawing herewith gives, at } the size that it is to be drawn, an outline of the motive 
of architecture whose shadows are to be drawn. 

The cylindrical shaft carries a portion of a sphere, which is intersected by four half cylinders. 
A square abacus with a cavetto crowns the 
whole. In order to avoid any possibility of 
misunderstanding the form, we have given a 
perspective detail of one angle. 

It is required : 1st. To determine the shades 
of the solid ; 2d. The shadows on a roof parallel 
with the ground line, inclined at 35° from the 
horizontal, and placed in such a way that the 
axis of the motive, prolonged, cuts the roof at a 
distance below the base equal to i of the total 
height. fig. 81 biB. 

§ 47. A Shaft with Bask and Modillioned Cap. (Fig. 82.) 
(Problem given at the École dea Beaux Arta, to be done en loge in- 7 
hours ; half double elephant sheet.) 

Statement — The drawing herewith gives, at half the size to be drawn, 
Fig. 81. a sketch of the motive of architecture of which a drawing is to be made 

and the shadows cast 
The circular corona T is supported by twelve modillions, whose profile in elevation is given at Q' and 
whose breadth in plan is given at Q. 

The motive is supposed to project above a roof that is parallel with the ground line and inclined at the 
angle shown at <x . The lower line of the plinth is a horizontal in the roof. 

It is required : 1st. To put in projection the modillions and all the motive ; 2d. To find the shadows 
on the motive as well as on the roof at the back. The ray of light is the empirical ray at 45°. 

We shall leave it to the reader to execute this drawing without detailed explanations. It is an application 
of the shadow of the circular fillet (§ 21 and § 22) combined with the " interruption of shadows." For example : 
1st Find the shadow of the circle CC' on the face of the modillions, the latter considered as a complete 
cylinder, without interruptions between the modillions. (Shadow of a circular cap.) 
2â. Find the shadow of the same circle CC on the shaft 

3d. Determine the shadow of the circle D (uninterrupted), first, on the shaft, and, second, on the cavetto, 
whose profile is shown at DE ; also supposing this cavetto uninterrupted between the modillions. (Shadow 
of a circular fillet with conjé, g 22.) 

4th. Find the shade (theoretical) of this same cavetto, and the points, such as m, where it cuts the left 
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side of the modiUions, are the points of origin of such shadows as mn' ; these are entirely analogous to the 
bridge shadow (§ 26). 

All these general shadows once determiiiod, the interruptions, such as 2, 3, 4, etc, of these, as well as their 
offsets and points of change, are easily derived. 




Fig. 82. 

The drawiiig herewith gives a fairly correct idea of the shadow ; but the scale is too small to permit of 
great accuracy, 

§ 48. Figures 83, 84, 85 and 86 are familinr problems in Shades and Shadows, and have been used for 
class exercises and examinations in tbe Department of Architecture at the Uuivereity of Pennsylvania. 
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